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Abstract. We study special cycles on integral models of Shimura varieties associated 
with unitary similitude groups of signature (n — 1, 1). We construct an arithmetic theta 
lift from harmonic Maass forms of weight 2 — n to the first arithmetic Chow group 
of a toroidal compactification of the integral model of the unitary Shimura variety, by 
associating to a harmonic Maass form / a suitable linear combination of Kudla-Rapoport 
divisors, equipped with the Green function given by the regularized theta lift of /. Our 
main result expresses the height pairing of this arithmetic Kudla-Rapoport divisor with a 
CM cycle in terms of a Rankin-Selberg convolution L-function of the cusp form of weight 
n corresponding to / and the theta function of a positive definite hermitian lattice of 
rank n — 1. When specialized to the case n = 2, this result can be viewed as a variant of 
the Gross-Zagier formula for Shimura curves associated to unitary groups of signature 
(1,1). We also prove that the generating series of the height pairings of arithmetic Kudla- 
Rapoport divisors with a fixed CM cycle is an elliptic modular form of weight n. These 
results rely on (among other things) a new method for computing improper arithmetic 
intersections. 
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1. Introduction 

Let k C C be an imaginary quadratic field of odd discriminant dk, let dk be the different 
of fc, and abbreviate D = \dk\- Let %fc be the quadratic Dirichlet character determined by 
the extension fe/Q. 
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1.1. Motivation: heights of Heegner points. To motivate the results of this paper, 
we first recall the results of Gross and Zagier |GZj relating the heights of Heegner points 
on modular curves to central derivatives of Rankin-Selberg convolution L-functions. Fix a 
normalized new eigenform 

g(r) e S 2 (r (iV)), 

and assume that iV and k satisfy the usual Heegner hypothesis: every prime divisor of 
N splits in k. This allows us to fix an ideal n C Ok satisfying Ofe/n = Z/iVZ. For any 
fractional Ofc-ideal a, the cyclic iV-isogeny of elliptic curves 

y a = [C/a-> C/n _1 a] 

defines a Heegner point on Xq(N)(H), where H is the Hilbert class field of k. If we define 
a weight 2 cuspform 

oo 

QHee g(r) = £ Tm (y 0k - oo)q m 

m— 1 

valued in Jq{N){H) 1 where the T m are Hecke operators, then the geometric theta lifting 
© Hccg (.9) = (& Hccs ,g)pet e J (N)(H)®C 

is essentially the projection of the divisor yo k — oo to the g-isotypic component of the 
Jacobian Jq(N). 

After endowing the fractional ideal a with the self-dual hermitian form (x, y) = N(a) _1 a;y, 
we may construct the weight one theta series 

W = 5> <s,a> eMi(To(i>),xfc). 

x£a 

The Rankin-Selberg convolution L-function L(g, 9 a , s) satisfies a functional equation forcing 
it to vanish at s = 1, and the Gross- Zagier theorem implies 

[6 Hccs (g):y a -oo] NT =c-L / (g,9 a ,l). 

Here c is some explicit nonzero constant, and the pairing on the left is the Neron-Tatc 
height. 

The goal of this paper is to obtain similar results when g is replaced by a cusp form of 
higher weight, the fractional ideal a is replaced by a hermitian lattice of higher rank, and 
the Heegner points on modular curves are replaced by special cycles on Shimura varieties 
associated to groups of unitary similitudes. 

1.2. Speculation in higher weight. Fix an n > 2, and any cusp form 

g(r) = Y,a(™)Q m £ S n (r (D), X l). 

m 

We do not require that g be an eigenform. Let A be a positive definite self-dual hermitian 
lattice of rank n — 1; that is, a projective Ofc-module of rank n — 1 endowed with a positive 
definite hermitian form (•, •) inducing an isomorphism A = Hornet (A, Ok)- The coefficient 
of q m in the weight n — 1 theta series 

is the representation number 

R s £(m) = \{x e A : (x,x) = m}\ 
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(the superscript sc is a reminder that this is a scalar valued theta series; throughout most 
of the paper we work with vector valued theta series.) From this data we may construct the 
Rankin-Selberg convolution L-function 



Our normalization is different from that of Gross and Zagier; in this normalization the point 
of interest is at s = 0. Note that our cusp form g has level D, and so we are far away from 
the Heegner hypothesis. In particular, there is no reason to expect the Rankin-Selberg L- 
function to vanish at s = 0. All the same, it makes sense to ask if the behavior at s = is 
related to the Arakelov intersection multiplicity of some cycles on a Shimura variety. 

For a pair of nonnegative integers (jj, <?), denote by Mrp^ the moduli space of principally 
polarized abelian varieties A — ¥ S over fc-schemes, equipped with an action of Ok satisfying 
the signature (p, q) condition: every a G Ok acts on Lie(^4) with characteristic polynomial 
(T — a)' p (T — a) q . We require also that the Rosati involution on End(A) g3 Q restrict to 
complex conjugation on the image of Ok- The moduli space M( p ^ is a Deligne-Mumford 
stack, smooth over k of dimension pq. It is a disjoint union of Shimura varieties associated to 
unitary similitude groups. The theory of integral models of these stacks remains incomplete, 
but we only need two special cases: 

(1) there is a smooth stack M( p ) over Cfc with generic fiber Mr p m, 

(2) there is a regular and flat stack M( pl ) over Ok with generic fiber M( pl ). 

In both cases the integral model is defined by imposing a slightly refined version of the 
signature condition. The flatness and regularity of M( p l ) are due to Pappas and Kramer. 
See Section |5~T1 for details. The product 



is an n-dimensional regular algebraic stack, flat over Ok- The complex fiber M(C) is discon- 
nected, and its connected components are indexed by the finitely many isomorphism classes 
of self-dual hermitian lattices of signature (n — 1, 1). After |Lan| and |Ho3j . the stack M has 
a canonical toroidal compactification M*, whose boundary is a smooth divisor. 

The stack M comes equipped with a family of Kudla-Rapoport divisors Z(m, t), introduced 
in |KR1] and studied further in KR2], |Ho2j . and |Ho3j . Here r is an O^-ideal dividing dk, 
and 77i £ N(r) _1 Z is positive. These divisors correspond, roughly speaking, to embeddings 



carries a natural positive definite hermitian form. The stack Z(m, r) is defined as the moduli 
space of triples (Aq, A, A) in which (Aq, A) is a point of M, and A e t~ 1 L(Ao, A) has hermitian 
norm m. There is an additional vanishing condition imposed on the action of ^fdk ■ A on Lie 
algebras, for which we refer the reader to Definition 15.1.51 and Remark 15.1.71 

On the open Shimura variety M there is a natural way to construct Green functions for 
the Kudla-Rapoport divisors, based on the ideas of [Brlj (when n = 2, there is some mild 
ambiguity in the normalization of the Green function, but we ignore this subtlety in the 
introduction). By analyzing the behavior of the Green function near the boundary of the 
toroidal compactification, we show that one can add a prescribed linear combination of 



(1.2.1) 




M = M (i,o) x 0fc M ("-i,i) 



GU(n - 2, 1) — ► GU(n - 1, 1). 
The precise definition is as follows. Given a pair (Ag,A) £ M(S'), the Ofc-modulc 

L(A ,A) =Rom Oh (A ,A) 
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boundary components to Z(m, t) in order to obtain the total arithmetic Kudla-Rapoport 
divisors 

Z total (m,r) G CHc(M*). 

The right hand side is the arithmetic Chow group with complex coefficients, defined, as 
in the work of Gillet-Soule |SABK| , as the space of rational equivalence classes of divisors 
endowed with Green functions. In fact, we must use the more general arithmetic Chow 
groups defined by Burgos-Kramer-Kuhn BKK , which allow for Green functions with log- 
log singularities along the boundary. Our Green functions are constructed as regularized 
theta lifts of harmonic Maass forms, as in |Brl| . |BFj . and [BY], and so are different from 
the Kudla-style Green functions used in [Ho2] and |Ho3] . Extend the definition to rn = 
by setting 

Z total (0,r) = T*, 

where the right hand side is the metrized cotautological bundle on M* , defined in Section 17.21 
on the open Shimura variety, and extended to M* in Section I57T1 
Restricting to r = Ok, one may form the formal generating series 

(1.2.2) 6(r) - Yl Z total KOfc) ' Q m G CHc(M*)[M]- 

m>0 

Conjecturally, this formal generating series is a modular form of the same weight, level, and 
nebentypus as g, in the sense that 

£ ^KO»)) ■ q m G M n (T (D),xl) 
m>0 

for any linear functional p : CH C (M*) — > C. If this is true, then it makes sense to form the 
Petersson inner product 

(1.2.3) © con %) = (§, 5 ) Pct G CHc(M*). 

This conjectural arithmetic cycle class, whose construction is based on the ideas of Kudla 
Ku4 , is the arithmetic theta lift of g. 

The moduli space M contains another cycle, which corresponds, roughly speaking, to an 
embedding of a compact unitary group 

GU(n -1,0) — > GU(n - 1, 1). 

More precisely, we first define a stack 

Y = M (li0 ) x 0fc M (0il) x 0k M (n _ 1)0) . 

It is smooth of relative dimension over Ok , and the morphism Y4H defined by 

(A 0> A U B) h-> (A ,Ax x B) 

allows us to view Y as a 1-dimensional cycle on M. To every geometric point (Aq ,Ai,B) 
there is an associated self-dual hermitian Ofc-modulc Homo,, (Ai, B) of signature (n— 1,0), 
whose isomorphism class is constant on each connected component of Y. Let Ya C Y be the 
union of all connected components on which Homo fc (Ai, B) = A. 
Our aim is an equality of the form 

(1.2.4) [O c ° n j(g):Y A ]=i'( 5 ,^ c ,0), 

where the pairing on the left is the arithmetic intersection, defined as the composition 

CHc(M*)^CHc(Ya)^>C. 



HEIGHTS OF KUDLA-RAPOPORT DIVISORS 



5 



Before one attempts to prove such a formula, there are two obstructions to even finding the 
correct statement. On the right hand side, the construction of (|1.2.1[) is a bit too naive, 
and must be modified to ensure that it has a nice functional equation forcing it to vanish 
at s — 0. Much more seriously, on the left hand side we do not know the modularity of the 
generating series O(t), and so the existence of the class <d c ° n *(g) remains mere speculation. 

To fix the problem on the right, we introduce vector valued modular forms. There is 
an induction map g i-> g from S n (To(D), Xk) to a certain space of cusp forms valued in a 
finite-dimensional representation of SL 2 (Z). Similarly, the above theta series 6 S £ has a vector 
valued counterpart 8\. If one imitates the construction of the convolution L-function (|1.2.1[) 
with these vector valued forms, the resulting L-function has a simple functional equation in 
s i — ^ — s, which forces it to vanish at s = 0, see (|6.4.2[) . 

To fix problem on the left, we introduce a space of vector valued harmonic Maass forms 
of weight 2 — n, on which one can define, unconditionally, an arithmetic theta lift. This 
space of harmonic Maass forms is then related to the space of holomorphic cusp forms of 
weight n via a differential operator £. In the next subsection we explain these ideas in more 
detail, and state the main results. 

1.3. Statement of the main results. To a hermitian module "V over the adele ring A*, 
there is an associated invariant inv(l^) € {±1}, defined as a product of local invariants. If 
inv(^) = 1 then "V is coherent, in the sense that "f arises as the adelization of a hermitian 
space over k. Otherwise, "V is incoherent. In Section [2. II we define the notion of a hermitian 
(fcjR, Ok) -module Jzf. Essentially, Jzf is an integral structure on a hermitian A^-module. It 
consists of an archimedean part .jSfoo , which is a hermitian space over fcjR = k <X)q R, and a 
finite part Jz?/, which is a hermitian Ofc-module. As explained in Section l5.il to each point 
of the moduli space M there is associated a hermitian (fe)g, Ofc)-module, whose isomorphism 
class is constant on the connected components of M. Thus we obtain a decomposition 

m = |Jm^ 

where „Sf runs over all incoherent self-dual hermitian (feg, Ofc)-modules of signature (n, 0). 
Similarly, the stack Ya admits a decomposition 

Ya = Uy ( ^ , a) , 

where Jz?o runs over all incoherent self-dual hermitian (feg, C^-modules of signature (1,0). 
From now on we fix one such Jz?o, and set Jzf = Jz?o © A; for the meaning of the direct sum, 
see Remark 15.2.31 The morphism Ya — > M restricts to a morphism Y(^ a) — > M^f, and we 
denote by Z&(m,v) the restriction of the Kudla-Rapoport divisor Z(m, t) to Mj?. 

The hermitian form on _Sff determines a Q/Z- valued quadratic form on the finite discrim- 
inant group O^ 1 ^//^/. If we denote by Sse the space of complex valued functions on this 
finite quadratic space, there is a Weil representation v& : SL2(Z) — ► Aut(5^f ). Let S n (ps?) 
be the space of weight n cusp forms for SL 2 (Z) with values in Ss?, transforming according 
to the complex conjugate representation aJsf. In Section [9. II we define an induction map 

S n (r (D), x n k )^S n (ZJ^) A , 

where A is the automorphism group of the finite group Or ££fj££f with its Q/Z valued 
quadratic form. This map is denoted g i-> g. The vector valued modular form g has a 
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g-expansion 

g(r)= ]T S(m)q m 

m6Q>0 

with a(m) e 5y. 

Let Sa be the space of complex valued functions on 3^" 1 A/A. There is a vector valued 
theta series 

A (t)= J2 m™)<t 

meQ> 

taking values in the dual space S 1 ^, whose m-th Fourier coefficient R\{m) : S\ — > C is the 
representation number 

R A (m,<p)= Y ^( A )- 

AG8 1 ^ 1 A 
<A,A)=m 

We consider the vector variant 



1.3.1 Lp A)S =r;in-i 5] \; \4L 

2 ' ^—^ (47rm)2 +n 1 

of (11.2.11) . where the pairing {•,•} is the tautological pairing between S%> and S^., and 
Rh{m) is viewed as an element of S^, using the natural surjection Sse 5*a- Unlike 
(|1.2.1|) . the L-function (|1.3.1|) satisfies a simple functional equation in s M> — s, which forces 
L(g,6 A ,0)=0. 

Now we turn to the left hand side of (|1.2.4j) . Let H?,- n {u) <e) be the space of harmonic 
Maass forms for SL2(Z) of weight 2 — n with values in the vector space S^. There is an 
arithmetic theta lift of harmonic Maass forms 

(1.3.2) ff 2 _„(c^) A — > CHc(M^), 

denoted / i— >■ 0.s?(/), whose definition is roughly as follows. There is a theta lift from 
functions on the upper half plane to functions on the Shimura variety M_s? (C) . If one attempts 
to lift an element / G H-i- n {us°), the theta integral diverges due to the growth of / at 
the cusp. There is a natural way to regularize the divergent integral in order to obtain 
a function $.$?(/) on Mj?, but the regularization process introduces singularities into the 
function $£?(/), see |Bolj and |BFj . These singularities turn out to be of logarithmic type. 
In fact 3>.sf(/) is a Green function for a certain divisor Z_s?(/)(C) on Mjj?(C), which can be 
written in an explicit way as a linear combination of the complex Kudla-Rapoport divisors 
Z_jf (m, t)(C). As the complex Kudla-Rapoport divisors have canonical extensions to the 
integral model M^f, we obtain an extension of Z^f(/)(C) to the integral model as well. The 
result is a divisor Zse{f) on M eg together with a Green function (/). The arithmetic theta 
lift of / is then defined by first adding boundary components with appropriate multiplicities 
in order to define a compactified arithmetic divisor 

and then adding a certain multiple (depending on the constant term of /) of the metrized 
cotautological bundle T* to obtain 

G^(/) e CH X (M^). 
There is a surjective complex-conjugate-linear differential operator 

i : H 2 -n{us?) — > S n (ujj?), 
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introduced in |BFj . We conjecture that (11.3.21) factors through £, resulting in a commutative 
diagram 

#2-n(ws?) A 




S n (T Q (D), xl) ^ S n (uJ^) A - -- ^ CHc(M^). 

Assuming the existence of the dotted arrow, the composition along the bottom row nec- 
essarily takes g to (the restriction to of) the conjectural arithmetic theta lift (|1.2.3p . 
Thus we find an obvious way to give an unconditional construction of the class (|1.2.3[) : pick 
any / G H 2 ^ n { UJ j^) A satisfying £(/) = g, and form the class 8 The downside to this 
roundabout definition is that the construction a priori may depend on the choice of / lifting 
g. The independence of Sj?(/) of this choice is equivalent to the modularity of the vector 
valued analogue of the generating series (|1.2.2|) . See Section [831 for the precise conjectures. 
The following is our main result. It is stated in the text as Theorem 18.2.21 

Theorem A. For any g e S n (T (D),xZ), and any f e H 2 - n (vj?) A satisfying £(/) = g, 
we have 

(1-3.3) : Y (JS?0>A) ] = -deg c Y (J%>A) • L'(g,9 A ,0). 

The constant appearing on the right is 

v 1 



deg c Y (ifoiA) 



P y rn l Aut (y)l' 

ye Y (_zb,A)( c ) 



An explicit formula for this constant is given in Remark \6.1.4\ 

Note that the right hand side of f| 1 . 3.3[) is visibly independent of the choice of / lifting 
g. The following result, which provides evidence for the modularity of (|1.2.2[) . is a formal 
consequence of this observation together with the modularity criterion of Borcherds [Bo21 
Theorem 3.1]. See Theorem 18.3.41 for a slightly stronger statement. 

Theorem B. The formal q-expansion 

m>0 

defines an element of M n (To(D),Xk)- 

It remains to explain the relation between the two L- functions (|1.2.1j) and (11.3.11) . This is 
the subject of Section[S] The general relation is rather complicated, but the formulas simplify 
considerably when n is even and g is a new eigenform, allowing us to restate Theorem [X] in 
terms of the original L- function (11.2.11) . 

If h is an element of the unitary similitude group GUa(Q) of A, then the Ofc-module 
Ah = (A®zQ)n/iA has a natural self-dual hermitian form. The assignment h i-> Ah defines 
a map from the O-dimensional Shimura variety 

A a = GU A (Q)\ GUa(Q)/ GUa(Z) 

to the set of isomorphism classes of self-dual hermitian Ofc-modules of signature (n — 1,0). 
The group GUa(Q) also acts on incoherent self-dual hermitian (feg, Ofc)-modules of signature 
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(1,0) through the determinant. It is easily seen that Jz?o,/i © Aft = _£? (Lemma I9.1.2[) , and 
therefore we may form a new CM cycle Y(^> hi \ h ) on ^se- Let 

77 : X A — > C. 

be an algebraic automorphic form for GUa, and assume that 77 transforms under the natural 
action of the class group CL(fc) on X\ by some character Xn ■ CL(fc) — > C x . We obtain a 
cycle 

r / Y (J*b,A) = H • Y (^,A h ) 
on with complex coefficients, and a corresponding scalar valued theta function 

^=E^^-^^n- 1 (r o( ^xr 1 )- 

flic -A a 

Theorem C. 7/n zs even and g is new eigenform, then 



I 8=0' 



p|23 

/or any / G H2-n(&S?)^ urai/i £(/) = 5- -ffere p is the unique prime of k above p, e p (g) € 
{±1} denotes the eigenvalue for g of the Atkin-Lehner involution at p, and 

7 P (JSf) = (-l)^x fe , P (det(if p )). 

TTie constants hk, Wk, and o(dk) are the class number of k, the number of roots of unity in 
k. and the number of prime divisors of dk- 

There is a similar theorem when n is odd, but the result is less elegant. We refer the 
reader to Theorem 19.3.11 for the general case. 

Remark 1.3.1. There are corresponding statements for the complementary case when Jzf is 
a coherent positive definite (feoo, Ofc)-module of rank n. Then we may choose an O^-lattice 
L whose completion is Jz? , and use the 0-dimensional Shimura variety 

X L = GU L (Q)\ GUl(Q)/ GUl(Z) 

as a substitute for M^?. In this case the sign in the functional equation of L(g,0A,s) is 1. 
Moreover, the central value at s = can be computed by integrating the theta lift of g to 
Xl over a certain cycle of CM points determined by A. We intend to elaborate on this in 
a separate paper. 

1.4. Outline of the paper. Section [5] is a rapid review of definitions. We first recall the 
invariants attached to hermitian spaces, and introduce the notion of coherent and incoherent 
hermitian (fcjR, Ofc)-modules. Then we recall various standard definitions and properties 
of Siegel theta functions, vector-valued modular forms, harmonic Maass forms, and the 
differential operator £ introduced in BF . 

In Section [3] we introduce the complex fiber of the unitary Shimura variety on which we 
will be working, and its special divisors. In particular we attach a divisor Z(f) to a harmonic 
Maass form, and explain how the mechanism of regularized theta lifts equips this divisor 
with a natural Green function $(/). We show that $(/) is (sub-)harmonic and satisfies an 
integrability condition. These properties, together with the logarithmic singularity along 
Z(f), characterize it uniquely up to an additive constant. One of the minor miracles of 
the construction of $(/) is that, despite having a logarithmic singularity along Z(f), it is 
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defined at every point of the complex Shimura variety. Expressed differently, the smooth 
function $(/), initially defined on the complement of Z(f), has a natural (discontinuous) 
extension to all points. The behavior of $(/) at the points of Z(f), described in Corollary 
13.3.21 plays an essential role in the calculation of the improper intersections needed to prove 
Theorem [X] 

Section @] first recalls the construction of the canonical smooth toroidal compactification 
of the complex Shimura variety. What is new is the analysis of the behavior of the Green 
function $(/) near the boundary of the compactification. We find that one can compactify 
the divisor Z(f) by adding a prescribed linear combination of boundary components, in such 
a way that $(/) is a Green function for the compactified divisor (at least up to negligible 
log- log error terms) . The multiplicities of the boundary components are given by regularized 
integrals of / against theta functions of positive definite hermitian lattices of rank n — 2, see 
Theorem 14 .3. 31 A similar result was proved in |Ho3j . but for different Green functions. The 
method used here, based on the calculation of Fourier- Jacobi expansions (Theorem 14.4.21) . 
is unrelated. Because these results are of independent interest, in Sections [3] and 3] we work 
on Shimura varieties with arbitrary level structure; this is more generality than is needed in 
the rest of the paper. 

Section [5] introduces the integral model M of the Shimura variety, the Kudla-Rapoport 
divisors Z(m,r), and the cycle of CM points Ya. Section IQ1 contains the first steps toward 
the intersection theory calculation lying at the heart of Theorem [A] Roughly speaking, we 
show that the intersection Z(m, r) (1 Ya decomposes as a disjoint union of stacks X(mi, mi, t) 
indexed by pairs of nonnegative integers (mi, mi) with m\ + mi = m. If m\ > then 
the stack X(mi,mi,x) has dimension and is supported in a single nonzero characteristic. 
Theorem 15.3.21 gives an explicit formula for the degree of this O-dimensional stack. The 
calculation of the lengths of its local rings ultimately reduces to the calculations performed 
by Gross |Grj as part of the proof of the original Gross-Zagier theorem. In contrast, the stack 
X(0, m,r) has dimension 1, and appears because of improper intersection between Z(m,r) 
and Ya- 

In Section [6] we describe the complex uniformizations of the stacks M, Z(m,t) and Ya, 
and then apply the general theory of Section |3] in order to attach an arithmetic cycle class 
(Z(/),$(/)) onMto a harmonic Maass form / of weight 2 — n. Particular choices f m>t yield 
Green functions for the divisors Z(m, c). The main result of Section [SJ Theorem 16.4. 1[ is a 
formula for the value of the Green function $(/) on the CM cycle Ya(C). When combined 
with the finite intersection calculation of Theorem l5.3.2l this archimedean calculation (with 
/ = fm,x) is sufficient to compute the intersection multiplicity [Z total (m, c) : Ya], at least 
when the cycles in question intersect properly. Unfortunately, this happens only very rarely. 

Most of Section [7] is devoted to the calculation of improper intersections. Calculations 
of improper intersection have been done in other situations elsewhere in the literature (for 
example in |GZj . |KRY2] . [Holj V but our methods are new, and are the most original contri- 
bution of this paper. In both KRY2 and |Holj the method of computation is to decompose 
the cycles into irreducible components and painstakingly intersect these components one at 
a time, using some form of adjunction formula, in order to obtain an explicit formula for the 
intersection. Our method also uses a kind of adjunction formula, but we do not know, and 
never need to know, what the irreducible components of our cycles look like. In particular, 
we do not need to compute the multiplicities of vertical components of the divisors Z(m, c), 
and in fact we don't know whether or not such vertical components exist. Instead of explicit 
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calculation, we use deformation theory to show that a certain metrized line bundle 

Z q (to, r) = Z(m, t) ® j- R ^ m ^ 

on M acquires a canonical nonzero section <r mit when restricted to Ya. To compute the 
intersection multiplicity [Z^(m,r) : Ya] it suffices to compute the degree of the 0-cycle 
div(er mt ) on Ya, and the norm ||<T m r ||j, at each y e Ya. The divisor div(cr m r ) turns out 
to be exactly the divisor obtained by intersecting Z(m,t) f~l Ya and then throwing away all 
components of the intersection having dimension > 0. In other words, it is the proper part 
of the intersection, and was computed in Theorem l5.3.2l The norm ||<x m r ||j, turns out to be 
the value of the Green function for Z(to, r) at y (even when y lies on Z(m, r), the singularity 
of the Green function!), which was computed in Theorem l6.4.1l Thus we are able to compute 

[Z(m, r) : Y A ] = [Z Q (to, r) : Y A ] + R A (m, x) [T : Y A ] 

by computing only proper intersections, the CM values of Green functions, and the in- 
tersection [T : Ya]. The Chowla-Selberg formula allows us to give an explicit formula for 
[T : Ya], and putting these formulas together relates [z(m, t) : Ya] to the derivative of 
£(£(/m,t)' ^A> s). The precise formula is found in Theorem 17.3. 1[ the preliminary form of 
our main result. 

Section [8] puts all of the pieces together to prove Theorems [A] and [Bj Section [9] explains 
the precise relation between the L- functions (11.2.11) and (|1.3.ip . and completes the proof of 
Theorem [C] 

1.5. Notation and terminology. We write H for the complex upper half plane. For a 
complex number z we put e{z) — e 2T " z . As usual, we denote by A the ring of adeles of Q 
and write A/ for the finite adeles. 

The quadratic imaginary field k and its embedding k <— » C are fixed throughout the 
paper, and Ofc and dk denote the different and discriminant of k. In Sections [5] through @] 
we make no restriction on dk , but beginning in Section [5j and continuing until the end of 
the paper, we assume that dk is odd. We write Ok, A*, and A& t for the ring of integers, 
adeles, and finite adeles of fc, respectively. The class number of k is h k , and Wk — \n{k)\ is 
the number of roots of unity in k. Denote by o(dk) the number of distinct prime divisors of 
dk, and by 

Xfc :A x ^{±1} 

the quadratic character determined by the extension fc/Q. For any to £ Q>o define 

(1.5.1) p(m) = \{b C O h :N(b) =m}|. 

Obviously p{m) = unless to G Z>o- 

Abbreviate fe« = k^qR. Of course the fixed embedding of k into C identifies &r = C, but 
there will be moments (in Section 16.11 for example) when we consider a finite dimensional 
fcR-module with a varying family of complex structures, and so it will be useful sometimes 
to not make this identification. 

2. Preliminaries 

This section contains some basic definitions and notation concerning hermitian spaces, 
theta series, and vector valued modular forms. 
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2.1. Invariants of hermitian spaces. A hermitian Ok-module is a projective O^-modulc 
L of finite rank equipped with a hermitian form (•,•): L x L — > Ofc. Our convention is that 
hermitian forms are O fe -linear in the first variable and O^-conjugate-linear in the second 
variable. All hermitian forms are assumed to be nondegenerate. For an O^-ideal r | dk, 
every vector x £ xr x L satisfies 

(2.1.1) (x, x) £ N(t) _1 Z, 

and Q(x) — (x,x) defines a dj^Z/Z- valued quadratic form on L/L. A hermitian 
module L is self- dual if it satisfies 

L = {x £ L® Z Q : (x,L) C O k }. 

We can similarly talk about self-dual hermitian (^-modules, and hermitian spaces over k, 
over its completions, and over A*.. 

If 2lo and 2[ are hermitian Ofc-modules with hermitian forms h% and h%, the O^-modulc 

(2.1.2) L(2l ,2l) =Hom Ofc (2t ,2t) 
carries a hermitian form (-, ■) determined by the relation 

(f,9) ■ h* {x,y) = h*{f{x),g{y)) 

for all x, y £ 2to- If 2to and 21 are self-dual then so is £(2lo, 21). Of course a similar discussion 
holds for hermitian Ofc-modules. 

A hermitian space Y over A& has an archimcdean part Yx and a nonarchimedcan part 
Yf = Y\ Y pi which are hermitian spaces over &r and A k j, respectively. The archimedean 
part is uniquely determined by its signature, while each factor Y p is uniquely determined 
by its dimension and the local invariant 

inv p (y) = Xfe, P (det(r p )) e {±1}. 

Of course the invariant is also denned for p — oo, but carries less information than the 
signature. The invariant of Y is the product of local invariants: 

inv(r) = Y[ mv p {Y). 

p<oo 

If mv(y) = 1 then there is a hermitian space V over k, unique up to isomorphism, satisfying 

Y = V <£)q A. In this case we say that Y is coherent. If instead inv(^) = — 1 then no such 

V exists, and we say that Y is incoherent. 

We will need a notion of a hermitian space over A& with an integral structure. 

Definition 2.1.1. A hermitian (feg, Ok) -module is a hermitian space Y over A^ together 
with a finitely generated Ofc-submodule J*ff C Yf of maximal rank on which the hermitian 
form is Ofc-valued. Equivalently, a hermitian (feg, Ok) -module is a pair Jzf = (j£?oo, 
in which Jz?oo is a hermitian space over k^, and Jz?/ = Yl p J^ p is a hermitian space over 

Ok of the same rank as Jz?oo . One recovers the first definition from the second by setting 
Y>c = ^oo and Y f = S£ s ® % A f . 

(1) The signature of a hermitian (feg, Ofc)-modulc «£f is the signature of J£oo, 

(2) _Sf is self-dual if Jzf/ is a self-dual hermitian C^-module in the above sense, 

(3) Jz? is coherent (or incoherent) if ^ is. 
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Obviously, every hermitian O^-module L gives rise to a coherent hermitian (fcjR, Ok)- 
module Jz? determined by Jz?oo = L R and Jz?/ = L ®i Z. Conversely, for each hermitian 
(fejR, Ofc)-module J>f there is a finite collection of hermitian O^-modules that give rise to it. 
This finite collection is the genus of „Sf , and is denoted 

, rjt . f isomorphism classes of -S?oo — L ®% R 1 

y ' \ hermitian fc -modules L I£ s = L®i r L)' 

The genus is nonempty if and only if j£f is coherent, and any two L, V £ gen(jSf) satisfy 
L ®% Q = L' <S>z Q as hermitian spaces over k. 

Remark 2.1.2. Given a hermitian space "V over A& and a rational prime p nonsplit in k, 
there is a nearby hermitian space 'i / {p) over A&, uniquely determined (up to isomorphism) 
by the properties 

(1) f{p)i = % for every place l^p, 

(2) -V{p) p 

In other words, ^(p) is obtained from "f by changing the local invariant at p, and so 

mv(y(p)) = -inv(r). 

If instead we take p = oo then there is no single notion of Y(oo) . However, in the applications 
we have in mind Y will be positive definite, and 'f(co) will be obtained from V by switching 
the signature from (n, 0) to (n — 1, 1). 

2.2. Theta functions and vector valued modular forms. Let (M, Q) be an even inte- 
gral lattice, that is, a free Z-module of finite rank equipped with a non-degenerate Z- valued 
quadratic form Q. For simplicity we assume here that the rank of M is even. We denote 
the signature of M by (b + ,b~). Let M' be the dual lattice of M. The quadratic form Q 
induces a Q/Z-valued quadratic form on the discriminant group M' /M. 

Let ia be the restriction to SL2 (Z) of the Weil representation of SL2 (Q) (associated with 
the standard additive character of A/Q) on the Schwartz-Bruhat functions on M<S>zQ- The 
restriction of u to SL2 (Z) takes the subspace Sm of Schwartz-Bruhat functions which are 
supported on M' and invariant under translations by M to itself. We obtain a representation 
ujm '■ SL 2 (Z) — > Aut(5j\/). Throughout we identify Sm with the space of functions M'/M —> 
C. Let S M be the dual space of Sm, and denote by 

{•, •} : S M xSl^C 

the tautological C-bilinear pairing. The group SL2 (Z) acts on S M through the dual repre- 
sentation uj m , given by Wm(t)(/) = / uj^il) f° r / e &m- On * ne space Sm we also have 
the conjugate representation ujm given by 

wm(7)(^) = WJif(7)(0 

for <p £ Sm- Note that Qm is the representation denoted pu in |Bol) . [Brlj . [BFj . The 
same construction can also be applied in slightly greater generality. For instance, in later 
applications we will use it when M is a quadratic module over Z. 

Let Gr(M) be the Grassmannian of negative definite b~ -dimensional subspaces of M®zR. 
For z € Gr(M) and A £ M ®z R, we denote by A 2 and A 2 _l the orthogonal projection of A 
to z and z , respectively. If <p £ Sm and r G H, we let 

(2.2.1) e M (T,0,^) = ^" /2 ^ p(A)e(Q(A,-L)r + Q(A,)f) 

AG A/' 
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be the associated Siegel theta function. For 7 £ SL2 (Z) it satisfies the transformation law 

6+ — b~ 

Qm{it,z,lp) = (cr + d) 2 6m(t, z,u>m(v<P)- 

Following |Ku3j . we view the Siegel theta function as a function 

H x Gr(M) — > (r, z) ^ 6 M (r, 2). 

The above transformation law implies that 6jif(r,z) is a (non-holomorphic) modular form 
of weight (6+ — b~)/2 for the group SL 2 (Z) with values in S M . 

Let k € Z, and let cr be a finite dimensional representation of SL2 (Z) on a complex vector 
space V<j , which factors through a finite quotient of SL 2 (Z) . We denote by Hk (cr) the vector 
space of harmonic Maass formtQ of weight k for the group SL2(Z) with representation cr as in 
[BYj . We write M^(a), Mfc(cr), and Sk(cr) for the subspaces of weakly holomorphic modular 
forms, holomorphic modular forms, and cusp forms, respectively. The natural action of the 
orthogonal group of M on the space Sm commutes with the action of SL2(Z). Hence there 
is an induced action on the above spaces of vector valued modular forms. 

A harmonic Maass form / £ H/. (cr) has a Fourier expansion of the form 

(2.2.2) /(t) = c+ ( m )? m + c ~( m ) r (! - k,4Tr\m\v)q m 

m>m m<0 

with Fourier coefficients c ± (m) £ V G . Here v = Im(r), q = e 27 " r , and r(s, x) = e~*t s_1 (it 
denotes the incomplete gamma function. The coefficients are supported on rational numbers 
with bounded denominator. The first summand on the right hand side of (12.2.21) is denoted 
by / + and is called the holomorphic part of /, the second summand is denoted by f~ and 
is called the non-holomorphic part. 

Recall from [BF that there is a conjugate- linear differential operator : H^ojm) 
S2-k{uM) given by 

(2.2.3) 6(/ ) (T)=2w fc g. 

The kernel of is equal to MI(u>m)- According to |BF[ Corollary 3.8], we have the exact 
sequence 

(2.2.4) ^ M[{uj m ) H k (uj M ) S 2 -k(u>M) . 

If / G Hk(u!Af) with Fourier coefficients c (m) £ Sm as in (12.2.21) and if fi £ M' /M, we put 
c (m,/i) = c ± (m)(/j,) £ C. 

3. Shimura varieties and their divisors 

In this section we consider the analytic theory of Shimura varieties associated to hermitian 
spaces of signature (n — 1, 1) over imaginary quadratic fields. We also study their special 
divisors and automorphic Green functions for special divisors. 

Let V be a hermitian space over k equipped with a hermitian form (•,•). Throughout 
we let Vr = V <£)q M and assume that the signature of V is (n — 1, 1). We write (•, -)q for 
the symmetric bilinear form (x,y)q = tv k /q(x, y). The associated quadratic form over Q is 
Q{x) = ^{x, x)q = (x,x). Note that the Weil representations of SL 2 C U(l, 1) associated 
to the quadratic form over Q and the hermitian form are the same. 



For ease of notation we drop the adjective 'weak' in harmonic weak Maass form. 
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3.1. Hermitian spaces and unitary Shimura varieties. We realize the hermitian sym- 
metric space associated to the unitary group U(V) as the Grassmannian V of negative 
fcR-lines in Vr. It can be viewed as an open subset of the projective space P(Vr) of the 
complex vector space Vr. The domain T> is not a tube domain unless n = 2, in which case it 
is isomorphic to the complex upper half plane H. In general, V has a realization as a Sicgcl 
domain as follows. 

Let £ G V be a nonzero isotropic vector and let £ € V be isotropic such that (£,£) = 1. 
The orthogonal complement 

W = i 1 - n V- 

is a positive definite hermitian space over k of dimension n~ 2, and we have V = W®kt®kt. 
If z € 2?, then (z, £) ^ 0. Hence z has a unique basis vector of the form 

3 + ry%£ + £ 

with 3 G Wr and r e C. We denote this vector by the pair (3,r). The condition that the 
restriction of the hermitian form to z is negative definite is equivalent to requiring that 

(3-1.1) N(3,r) = -((3,r),(3,r)) =2v^Im(r)-(3,3) 

is positive. Consequently, V is isomorphic to 

= {(3, r) € Wr x H : 2v1dh|Im(T) > (3,3)}. 

For zeD and A € Vr we let A z _l and X z be the orthogonal projections of A to z 1 - and z, 
respectively. Then the majorant 

{\,H) Z = (A z j- , /i z ± ) - (A z ,a* z ) 

associated to z defines a positive definite hermitian form on Vr. If 7^ z € z, we have 

The hermitian domain T> carries over it a tautological bundle C, whose fiber at the point 
z € T> is the negative line z. The hermitian form on Vr induces a hermitian metric on C. Its 
first Chern form fi is U(V)(R)-invariant and positive. It corresponds to an invariant Kahlcr 
metric on T> and gives rise to an invariant volume form dfj,(z) — fi" -1 . In the coordinates 
of H e 1 we have 

(3.1.2) = -dcf log N(3,t). 

Let L C V be an O fc -lattice, that is, a finitely generated Ofc-submodule such that V = 
L ®o h k and such that the restriction of (•, •) to L takes values in O^ 1 . With the quadratic 
form Q(x) — (x,x), we may also view L as a lattice over 1. Throughout we assume that L 
is even as a lattice over Z, that is, (x,x) e Z for all x S £. This condition is automatically 
fulfilled if the hermitian form on L takes values in Ok- Let 

L' = {x e V : (x, j/)q <g Z for all j/ e L}, 

^0,, ={^V: (a:, V) e Ofe for all y e X} 

be the Z-dual and the Ofc-dual of L, respectively. We have that V = 0^ 1 L' 0h D L. 
Let r be a finite index subgroup of the unitary group U(L) of L. The quotient 

X r = T\V. 
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is a complex orbifold of dimension n — 1. It can be viewed as the complex points of a 
connected component of a Shimura variety. It is compact if and only if V is anisotropic. In 
particular, if n > 2, then Xr is non-compact. We define the volume of Xr by vol(Xp) = 
J x ^ and the degree of a divisor Z on Xr by 

(3.1.3) deg(Z) = f fl n - 2 . 

J z 

3.2. Special divisors. For any vector A £ V of positive norm we put 

V{\) = {zeV: (z,A)=0}. 

Let Sl be the complex vector space of functions L'/L — > C. In the spirit of |Ku2j . for 
<p G Sl and m <E Q>o we define the special divisor 

Z(m,<p)= Yl ^( A W)- 
xeL' 

We write Z(m) for the element of 

Hom c (S L ,Div c (P)) S Div c (2?) ® c 5^ 

given by <p i— > Z(m, ip). If 93 is invariant under T, then Z(m, ip) is a T-invariant divisor and 
descends to a divisor on the quotient Xr, which we will also denote by Z(m, ip). 

3.3. Regularized theta lifts. In this subsection we define automorphic Green functions 
for special divisors as regularized theta lifts of harmonic Maass forms. 

We use r as a standard variable in the upper half plane H, and put u = Re(r), v = Im(r). 
The Ofc-lattice L together with the symmetric bilinear form (•, -)q is an even Z-lattice of 
signature (2n~ 2, 2). Let cjl be the corresponding Weil representation on Sl as in Section[2] 
For z £ T>, the Siegel theta function 0l(t, z) is a non-holomorphic modular form of weight 
n — 2 for SL2 (Z) with representation . 

Let / £ H2- u (ujl), and denote its Fourier coefficients by c ± (m) £ Sl as in (|2.2.2[) . The 
pairing {/, 6l(t,z)} is a function on H, which is invariant under SL2(Z). Following [Bolj 
and [BF , we consider the regularized theta lift 

/■reg 

(3.3.1) HzJ)= / {/,e L (r,z)}d/z(r) 

JSL 2 (Z)\H 

of /, where d/i(r) = is the invariant measure. The integral is regularized by taking 

the constant term in the Laurent expansion at s = of the meromorphic continuation of 

(3.3.2) $(zj,s)= lim f {f,Q L (r,z)}v- s d^T). 

Here Tt denotes the standard fundamental domain for SL2(Z) truncated at height T. If 
Re(s) > 0, the limit exists and defines a smooth function in z on all of T>, which is invariant 
under the action of T if / is invariant under T. It has a meromorphic continuation in s to 
C, see [Bol] . |BF| . The function $(z, /) is defined on all of T> (!), but it is only smooth on 
the complement of the divisor 

(3.3.3) Z(f)=J2{c + (-m),Z(m)}. 

m>0 

To describe the behavior near this divisor, we extend the incomplete Gamma function 
T(0, t) = f°° e~ v ^- to a function on R> by defining it as the constant term in the Laurent 
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expansion at s = of the meromorphic continuation of T(s, t) — J.°° 
have 

f(0 } = (r(o,t), if*>o, 

v ; [0, if * = 0. 

The following result is a slight strengthening of [Boll Theorem 6.2] in our setting. 

Theorem 3.3.1. For any zq € T> there exists a neighborhood U <ZT> such that the function 

*(*,/)- c+(-(A,A),A)f(0,47r|(A z ,A z )|) 

is smooth on U . Here c + (m, A) stands for the value c + (m)(A) of c + (m) at A + L. 

Proof. We begin by noticing that L' n Zq is a positive definite O^-module of rank < n — 1. 
Hence the sum on the right hand side is finite. 

Arguing as in the proof of [Boll Theorem 6.2] (see also |Brl| Theorem 2.12]), we see that 
there exists a small neighborhood U C T> of zq on which the function 



*(*,/)- Y, c+(-(A,A),A)CT s=0 / 

\rr>^-X Uv = l 



^(\„\*)v v - S -l dv 



agl nzg 

is smooth. Here CT s= o['] denotes the constant term in the Laurent expansion in s at 0. 
Inserting the definition of T(0,t) we obtain the assertion. □ 

Corollary 3.3.2. For any zq € V we have 



®{zoJ) = Jim 



*(*,/)+ Yl c+(-<A,A),A)(log(47rKA„A,)|)-r(l)) 



Proof. Using the fact that r(0, t) = — log(t) + T'(l) + o(t) as t — > oo, the corollary follows 
from Theorem 13. 3. II □ 

By a Green function for a divisor Dona complex manifold X we mean a smooth function 
G on X \ D with the property that for every point zq € X there is a neighborhood U and 
a local equation cf) for D on U such that G + log \tp\ 2 extends to a smooth function on all of 
U. Using this definition, we may rephrase Theorem 13.3.11 and the corollary by saying that 
<f>(z, /) is a Green function for Z(f). In fact, the difference of log \(X Z ,X Z )\ and log \4>\\ 2 for 
any local equation <f>\ = of T>(\) extends to a smooth function. In the next section we 
will study the growth of $>(z,f) at the boundary of a toroidal compactifaction of Xr and 
show that it can also be considered as a Green function for a suitably 'compactified' divisor 
there. 

Corollary 13.3.21 will be used in Section 17.51 together with Theorem 16.4.11 to compute the 
height pairing of a hermitian line bundle corresponding to an arithmetic Kudla-Rapoport 
divisor with a CM cycle. 

Proposition 3.3.3. Let Ap be the U(V)(R) -invariant Laplacian on T>. There exists a 
non-zero real constant c (which only depends on the normalization of A-p and which is 
independent of f ), such that 

Av*(z,f) = c-degZ{f). 
Proof. This can be proved in the same way as |Brl[ Theorem 4.7]. □ 
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Proposition 3.3.4. Let f G fl2-n(wx,) be T-invariant. If n > 2, then the Green func- 
tion <f>(z, f) belongs to L p (Xr,fl n ~ 1 ) for every p < 2. If n > 3, t/ien $(2,/) belongs to 



We will prove this Proposition at the end of Section l4~3l 

Theorem 3.3.5. Assume that n > 2 and that f G H2- n (^L) is T-invariant. Let G be a 
smooth real valued function on X^ \ Z(f) with the properties: 

(i) G is a Green function for Z(f), 

(ii) A-pG = constant, 

(in) G G L 1+£ (X r , O" -1 ) /or some e > 0. 
Then G(z) differs from $(z,/) by a constant. 

Proof. The difference G(z) — 3>(z, /) is a smooth subharmonic function on the complete 
Riemann manifold A"r which is contained in L 1+e (A"r, f2 n_1 ). By a result of Yau, such a 
function must be constant (see e.g. |Brl[ Corollary 4.22]). □ 

For n — 2 one can obtain a similar characterization by also requiring growth conditions 
at the cusps of A"r (if there are any). 



As in Section |31 let V be a hermitian space over k of signature (n — 1, 1). In the present 
section we study the behavior of the automorphic Green function $(z, /) at the boundary 
of a toroidal compactification. We show that it is a log-log Green function in the sense of 
BKK for the divisor Z(f) + B(f), where B(f) is a certain linear combination of boundary 
divisors. We show that the multiplicities of the boundary divisors are given by regularized 
theta lifts of the harmonic Maass form / to positive definite quadratic spaces of signature 
(n — 2, 0). To this end we compute the Fourier- Jacobi expansion of $>(z, f) and analyze the 
different terms at the boundary. 

4.1. The toroidal compactification. The complex space Xr — T\T> can be compactified 
as follows. Let Iso(V) be the set of isotropic one-dimensional subspaces I C V. The group 
r acts on Iso(V) with finitely many orbits. The rational boundary point corresponding to 
I G Iso(V), is the point J M = J« Q l6 P(Mr). It lies in the closure of V in P(F E ). The 
Baily-Borel compactification of Xr is obtained by equipping the quotient 



with the Baily-Borel topology and complex structure. However, the boundary points are 
usually singular. 

In contrast, here we work with a canonical toroidal compactification of Xr, which we 
now describe, see also [Hof, Chapter 1.1.5] and Ho3, Section 3.3]. It can be viewed as a 
resolution of the singularities at the boundary points of the Baily-Borel compactification. 

Let / G Iso(V) be a one-dimensional isotropic subspace. Let £ G I be a generator, and 
let I G V be isotropic such that (£,£) = 1. For e > we put 



L' 2 



(Xr.n™- 1 ). 



4. Green functions on toroidal compactifications 



r\(2?U{/ R : /GlsoOO}) 



U e (£) = {zeV: 




In the coordinates of H„ ~ e we have 



U e {i) = {{l,r)£H 



i 



: N( 3 ,r) >l/e}. 
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The stabilizer \J(V)e of £ acts on this subset. Let Ti — T D \J(V)g. If e is sufficiently small, 
then 

(4.1.1) r e \U e (£) — ► X r 

is an open immersion. The center of \J(V)e is given by the subgroup of translations T a for 
a £ Q, where 

T a {X) = \ + a{\i)^dkl 

for A 6 V. It is isomorphic to the additive group over Q. The action of the translations on 
H e I is given by T a (i, r) = (3, r + a). The center of is of the form 

(4.1.2) IV = \T a : a € rZ} 

for a unique r G Q>o, which is sometimes called the width of the cusp Jr. If we put 
q r = e 2lTlT / r , then (3,r) n- (%,q r ) defines an isomorphism from T£^t\U £ (£) to 

V e {l) = {(3-9r) € C"- 2 x C : < |g r | < exp ^--^=((3,3) + l/ e ) 

Hence r^xWeW can be viewed as a punctured disc bundle over C n ~ 2 . Adding the origin 
to every disc gives the disc bundle 

V E (£) = |( 3 ,<z r )eC"- 2 xC: \q r \ <exp (--^=,(( h i ) + l/ £ ) 

The action of on V e {£) extends to an action on V e (£), which leaves the boundary divisor 
q r = invariant, and which is free if T is sufficiently small. We obtain an open immersion 
of orbifolds 

(4.1.3) T t \U e (£) — ► (Ti/T^r) \V £ (£). 

It can be used to glue the right hand side to Xr to obtain a partial compactification, which 
is smooth if T is sufficiently small. For a point (30, 0) € V e (£) and <5 > 0, we put 

(4.1.4) B«(jo,0) = {&,?,.)€%(*): (3 - 3o,3 - 3o) < <5, |? r | < 8} . 

Then the images of the -6,5(30, 0) for 6 > under the natural map to (Tg/Te,T) \V E (£) define 
a basis of open neighborhoods of the boundary point given by (30,0). 

We let be the compactification of X-p obtained by gluing the right hand side of 
(14.1.31) to Xp for every T-class of Iso(I^). We denote by Bj the boundary divisor of X r 
corresponding to I £ Iso(V). 

The behavior of the special divisor Z(m, ip) near the boundary can be described as follows. 
Let I £ Iso(l^) and let £ £ I be a generator. Let < e < ^ be small enough such that 
(|4.1.1[) defines an open immersion. Then Lemma 14.1.11 below implies that the pullback of 
Z(m, <p) to U e (£) is given by the local special divisor 



Zi{m,<p)= ^( A W)- 



(X,X)=m 

Lemma 4.1.1. If zq is a generator of z £ T> and A £ V ®q R, we have 

|(A,£)| 2 |(zq,z )| 

(A ' A>Z - W^M • 



HEIGHTS OF KUDLA-RAPOPORT DIVISORS 



19 



Proof. The right hand side is independent of the choice of the generator zq. Hence we may 
assume (zo,£) = 1. Moreover, both sides of the inequality remain unchanged if we act on A 
and Zq with elements of the stabilizer of I in U(V)(R). Therefore, it suffices to consider the 
case zq = T\fd~ki + i. The remaining computation we leave to the reader. □ 

4.2. Regularized integrals. Let k € Z> . Let (M,Q) be an even integral lattice as in 
Section O Following [Bolj . for / G iZ_fc(u>A/) and g £ Mk{uj\ { ) we define a regularized 
Petersson pairing by 

/•rcg 

(4-2.1) (/,.9) rog = / {f(T),g(r)}dn(r) 

•/SL 2 (Z)\H 

= lim / {f(r),g(r)}dn(T). 

In Section [4.31 such integrals will occur as multiplicities of the boundary components, where 
g will be the theta function of a positive definite hermitian lattice given by a quotient of L. 

In the special case when k = and g is constant, this integral is evaluated in [Boll 
Theorem 9.1]. Here we describe how the integral can be computed when k > 0. We denote 
the Fourier expansion of g by 

g{r) = Km)q m , 

m>0 

with coefficients b(m) £ S^. We let $ = q-^ be the Ramanujan theta operator on g-series. 
Recall that the image under of a holomorphic modular form g of weight k is in general 
not a modular form. However, the function 

Hg) = m - ^gE 2 

is a holomorphic modular form of weight k + 2. Here ^(t) — 1 — 24 J2 m >i °~i( m )<f n 
denotes the non-modular Eisenstein series of weig ht 2 for SL 2 (Z). If R k = 2i-§p + h denotes 

the Maass raising operator and E^t) — ^(t) — the non- holomorphic (but modular) 

Eisenstein series of weight 2, we also have 

(4-2.2) = -i.^) _ h-g E *. 

If h(q) £ C((g)) is a (formal) Laurent series in q, we denote by CT[/i] its constant term. 

Theorem 4.2.1. Let f € iJ_fc(wM) and g £ Mk(co^) be as above. 

(1) Ifk> 0, t/ierc 

<4-7r /I jtt* 

(/, 2) r ° s = T CT[{/+, %)}] = — Y, m ■ {c+(-m), 6(m)}. 

m>0 

(2) If k = (so that g is constant), then putting o~i(0) = — ^ we /iawe 

(/,5) rcg = lCT[{f+,gE 2 )}] = -8vr £ ^(m) • {c+(-m),g}. 
' m>o 

Proof. (1) We use the identity d(Eldr) = — ^d^t(r) to obtain 
(4-2.3) (/,fl) Iag = -f P {/(r),S07^dr)}. 

JSL 2 (Z)\H 
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In view of (14.2.21) , we have 

B(gE* 2 dT) = -l-d(R k (g)dr). 
Putting this into (|4.2.3I) . we get 

(f,9f eB = ir S {f(r),d(R k (g)dr)} 

K JSL 2 (Z)\H 

= \ lim / d{f(r),R k (g)dr}-l [ {(£/), R k (g)dr} 

"^J/t « JSL 2 (Z)\H 

1 f 1 

= -- lim / {f(u + Ti),R k (g)(u + Ti)}du 

+ \l {r^f),Rk(g)}v k+2 d^r). 

K JSL 2 (Z)\H 

The second summand on the right hand side is a Petersson scalar product which is easily 
seen to vanish. The first summand is equal to 

4-TT 

T CT[{/ + ,^( 5 )}]. 

This concludes the proof of the k > case. 

(2) If k = 0, and / G M^(w L ), the assertion follows from [BoT] Theorem 9.2]. If / e 
Hq{u!l) it can be proved in the same way. □ 

4.3. Automorphic Green functions at the boundary. Let I E Jso(V) be an isotropic 
fc-line. Then a = / n L is a projective Ofc-module of rank 1. The Ofc-module 

D =J J na i /a 

is positive definite of rank n — 2. Let £ € a be a primitive (that is, QlHa = Z£) isotropic 
vector. We write a = ao£ with a fractional ideal do C k, and we let I £ V be isotropic such 
that {1,1) = 1. 

The lattice D can be realized as a sublattice of L as follows. The lattice a* = L' n n J 
is a projective Ofc-module of rank n — 1. The quotient L' 0h /a* is an Ofc-module of rank 1, 
which is projective since it is torsion free. Hence there is a projective Ofc-module b C L'q 
of rank 1 such that L' 0k = a* © b. We have (a,£o fc ) = (a, b) = O fc and (b,L) = O k . We 
put 

£ = Lna 1 nb 1 

Lemma 4.3.1. VFif/i o defined as above, 

(1) Lr\a ± = E ®a and D = E; 

(2) i/ L is Ok-self-dual then L — E © a b; 

(3) i/L is Ok-self-dual and d k is odd then in (ii) we may chose b to be isotropic. 

Remark 4.3.2. Assume that T = U(L) is the full unitary group of L. Let n = {L, a) C Ofc, 
and denote by N a the positive generator of (Ofcn) -1 n Q. Then the quantity r in (14.1 .2|) is 
equal to N(oo) • N a . In particular, if d k is odd and L is Ofc-self-dual then r = N(ao). 

Let / £ ff2-n(wi). In analogy with [Boll Theorem 5.3], the harmonic Maass form / 
induces an Sp-valued harmonic Maass form fr> € i?2-ri(^Z5)- It is characterized by its 
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values on v £ D' /D as follows: 

(4-3.1) f D {T){v)= J2 /MM' 

fj,£L' /L 
fi\Lna ± =u 

Here fi \ LC\ a denotes the restriction of fi £ Hom(L, Z) to Ln a , and we consider v £ D' 
as an element of Hom(L Ha 1 ^) via the quotient map L n a ± ->■ D. 

Let e > such that (|4.1.1j) is an open immersion. For a boundary point (30 , 0) £ V s (£) 
and S > 0, we consider the Green function $(z, /) in the open neighborhood 5,5(30,0) 
defined in (|4.1.4[) . The pullback of the special divisor Z(f) to Bs($o, 0) is given by the linear 
combination of local special divisors 

W)= E {c + (~m),Z e (m)}. 

m>0 

Note that Ze(m) is invariant under the subgroup of translations IYt C F^ . The support of 
Zi(m) on V e (t) is the union of the sets {{l,q r ) ■ (3 + I, A) = 0} for AeL'fl ^/T^ T with 
(A, A) = m. 

Theorem 4.3.3. Let f £ H2- n { UJ L) an d denote its Fourier coefficients by c^(m). Let 
(3o ) 0) £ V e (£) be a boundary point. The set 

S f = {\£L'C\t L : (A, A) > 0, c+(-(A, A), A) + and (30 + £, A) = 0} 

is finite. If S > is sufficiently small, then the function 

*(*,/)+ S^T^T l0 § kr I + c + (0, 0) log |log | 9r 1 1 + 2 E c + (- (A, A) , A) log I (3 + I A) | 

27TN(a ) \ES; 

has a continuation to a continuous function on -8,5(30, 0). It is smooth on the complement 
of the boundary divisor q r = 0, and its images under the differentials d, d, dd have log-log 
growth along the divisor q r — in the sense of [BBK, Definition 1.2]. Here ^ D {fo) = 
(/r>,@r>) res *s the regularized Petersson pairing of fo and the theta function @d as defined 
in (|4T2TTT) . 

We postpone the proof of the theorem to Section 14.41 

Remark 4.3.4. Let c^(m) £ Sd be the coefficients of fo, and write @d(t) — X)m>o -R-d( to )9™ 
where the representation numbers -Ro(m) £ S D are given by 



R D (m)(<p)= E <p(X) 



AG-D' 
Q(X)=n 



for tp £ Sd- If n > 2, then according to Theorem 14 . 2 . 1 1 wc have 

47T 

-ct[{/+ tf(e D )}] = — - 

2 n — 2 



■4-7r 4-7r 

* d (/d) = — 5 ct[{/+ tf(e D )}] = — - E^-H(-^),^(m)}. 



m>0 

If n = 2, then Z? is trivial, and we have 

= f CT[/+ • E 2 ] = -Stt £ c+C-mJo-jCm). 



m>0 
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We now associate a boundary divisor to the harmonic Maass form / € H2- n (uJi,). We 
define the multiplicity of the boundary divisor Bj with respect to / by 

r$ D ( fn) 

(4.3.2) mult Bj (/)- 



47rN(a ) 

If the principal part of / has rational coefficients, then according to Remark 14.3.41 this 
multiplicity is rational. In the special case that dk is odd, L is O^-self-dual, and T = U(L), 
we have in view of Remark 14.3.21 that 

(4.3.3) mult Bl (f) = ^-$ D (f D ). 
We define the boundary divisor associated with / by 

(4.3.4) B(f)= nault Bl (/)-£/. 

/eiso(v)/r 

Theorem 14.3.31 implies the following corollary. 

Corollary 4.3.5. The function <fr(z, f) is a logarithmic Green function on X£ for the divisor 
Z{f) + B{f) with possible additional log-log growth along the boundary divisors Bj. 

4.4. The Fourier-Jacobi expansion. Here we compute the Fourier- Jacobi expansion of 
the automorphic Green function $(z,f) using [Hofj . [Bol and [Brlj . and we provide the 
proofs of Theorem 14.3.31 and Proposition 13.3.41 

The natural embedding of T> into the Grassmannian of negative definite 2-dimensional 
oriented real subspaces of Vr is compatible with the actions of the unitary group U(V, (•,•)) 
and the orthogonal group 0(V, (•, -)q). We may calculate the theta lift of / 6 iJ 2 -n( w i) 
to Xr by lifting to the orthogonal group 0(V, (•, -)q) and then pulling back to the unitary 
group. 

We continue to use the setup of Section 14.31 In addition we introduce the following 
notation. We fix £' G L' such that (£',£)q — 1. We denote by N the positive integer which 
generates the ideal (L,£)q C Z. We write for the orthogonal complement of £ with 
respect to the bilinear form (•, -)q, and put K — (L n £ ± ' ( ^)/Z£. Then K is an even lattice 
over Z of signature (2n — 3, 1). 

Remark 4.4.1. If b C L' 0h with (a, b) = Ok as in Section |4~31 we may choose £' € f^ 1 b and 
£ G k£' © k£. When L = L' 0h and dk is odd, then according to Lemma T4 . 3 . 1 1 we may choose 
b such that it is isotropic. Then we can we can take £ £ k£' . 



For x £ Vr we put x 2 = (x, x)q and |x| = ^/]a; 2 ]. Let (3, r) € W e £ and let z be the 
corresponding point in T>. We have 



Z N(3,r)' 

where the quantity N(j, r) = —((3, r), (3, r)) is positive. We also view z as a two-dimensional 
(oriented) real subspace of Vr. The vector £ z spans a one-dimensional real subspace of z, 
whose orthogonal complement in z with respect to (•, -)q we denote by u>, so that z — w(S^£ z - 
The real line w is generated by the vector w (z) = —1(3, r) = — ^(3 + T\fdk~£ + £), which we 
use to define an orientation on w. Hence we obtain a map 

(4.4.1) V — > Gr + (K) 
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to the Grassmannian Gr + (K) of oriented negative lines in K ®% K. If A € K ®i K, we have 
(— r), A)q = 2 Im((3, r), A). The orthogonal projection of A to w is given by 

JM = | M(3)T))A) |. 

We also define the vector 



2^ 2I 2 X " 
in L n ^- L ' Q . It is easily checked that 

(ju,A)q = Re((3,r), A). 

For w G Gr + (if ) and A e A" ®z R, we write (to, A)q > if (wq, A)q > for a vector w e to 
defining the orientation. 

Let / £ H2-tl{^l)- Similarly as in (|4.3.ip . according to [Boll Theorem 5.3], the har- 
monic Maass form / induces an S'x-valued harmonic Maass form fx € i?2-n(wif). It is 
characterized by its values oni/€ K' /K as follows: 

(4-4.2) f K {r){v)= J2 K T )M- 

fj,£L' /L 

Here fx | L (1 ^^'^ denotes the restriction of /i e Hom(L,Z) to L n and we consider 

v e K' as an element of Hom(L n ^ L,Q , Z) via the quotient map L n -> if. 
Finally, following [Brl, (3.25)], we define a special function for A, B £ R by 

oo 

V„(A, B) = J T(n - 1, A 2 y)e- s2 ^ 1 /^j- 3 / 2 dy. 



According to [Brll p. 74] we have 



"-2 ^2r 



V„(4 5) - 2(n - 2)! £ — -{A 2 + B 2 ) l W 3 K r _y 2 (2y/A* + B*) 



r 

r=0 



The following result is now an immediate consequence of [Brll Theorem 3.9]. 

Theorem 4.4.2. Let / € Hi- n (y>L) and denote its Fourier coefficients by c (to) € Sx. -Let 
zeP \ ■£(/) wzi/i |£ 2 | < where m = max{m G Q : c + (— to) 7^ 0}. TTien i/ie Green 

function $(z, /) is eguaZ to 

-^i— f K ) + C/ + c+(0, 0) log \l 2 z \ 

~ 2 E E c+(-(A,A)^)log(l-e(^,OQ + (A,M) Q +1^1/14])) 
Ae/i"\{o} veL'/L 

u\Ln£ ±M =\ 

+ £ E e «-(-<^.,»i:>«, + M^)v.(^tr 1 )- 

AG A v£L /L J^-L 

<A,A)>0 l/ | in ^ x ' Q =A 

C / = -c+(0,0)(log(2^)+r'(l))-2 ]T c+(0,o£/JV)log|l-e(o/JV)|. 
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Here <& K (w, fx) denotes the function on Gi + (K) given by the regularized theta lift of fx 
for the orthogonal group of K as in Brl, Chapter 3.1]. We view it as a function on T> via 
the map (|4.4.ip . Finally, log(z) stands for the principle branch of the complex logarithm. □ 

Remark 4.4.3. If / G Ai^_ n (w£) is weakly holomorphic, then according to [Hofl Theo- 
rem 4.2.1] there exists a meromorphic modular form ^>(z,f) of weight c + (0, 0)/2 for the 
group T (with a multiplier system of finite order) such that —2 log \\^{z, f)\\ 2 = $>(z, f) and 
div(^(z, /)) = iZ(f). Here || • || denotes the suitably normalized Petersson metric. The 
above Fourier expansion of /) leads to the Borcherds product expansion 

/) = e«( 3 , r), g w )) J] JJ (1 - e«i/, £% + ((j, r), A))) C+ ^ X >^\ 

AG-R"' u£L'/L 
(W,\) Q >0 v \ Lnl ±,® =x 

which converges for N(3,r) > 4mo. Here W C Gi + (K) denotes a Weyl chamber corre- 
sponding to / (that is, a connected component of the complement of the singular locus of 
$ K (w, /)), and gw C K®zQ denotes the corresponding Weyl vector. Moreover (W, A)q > 
means that (w, A)q > for w G W, see [Hofl Section 4.1.2]. 

We now turn to the proof of Theorem 14.3.31 We begin with two technical lemmas. The 
first one gives an estimate for the majorant of the lattice K . For < C < 1 we define 

Sc = «3, r) G U Li : C ■ 2^4|Im(r) > (3,3)}. 

For Aeif®zi and (3, r) G "H £ | we define 

r), A) = N(j, r)(A, A) + 2(Im<( 3) r), A)) 2 . 

Lemma 4.4.4. Lei < C < 1. There exists an e > swc/i £/iai /or any (3,r) G Sc and 
any A = Xr> — ay/d^i j=£ G if <8>z K f where Xd & D <8>z R <™d o,i6Kj, we /iaue 

Mfc. t), A) > e (a 2 |d fc | + 6 2 Im(r) 2 + N( 3 , r)(A D , A D » . 

Proof. This result can be viewed as a lower bound for the majorant (A^j- , A w x)q— (A w , A w )q 
associated to the negative line w = Rhjo(z) G Gy + (K ). It directly follows from |Brl[ Lemma 
4.13]. Note that in the proof of this lemma, of the equalities denning TZt we only need that 
\q(Y D )\ < B Vl y 2 with B = and t > 0. □ 

Corollary 4.4.5. Let < C < 1. There exists an e > smc/i that for any (3,r) G 5c and 

any A = X D - a^fd^i A=^G if ®z K (Wiere Ad G D 8 z K and a,f)gt) w^/i (A, A) < 0, 

we ftaue 

(Im((3, r), A)) 2 > e (a 2 |d fe | + b 2 Im(r) 2 + N( 3 , t)(X d ,X d )) . 
The following lemma is a useful variant of the corollary. 
Lemma 4.4.6. Let A > and < B < 1. Assume that Im(r) > ^r^wrgp ■ r ^en we 

Im((3,r), A) - A|A| > B (a\d k \ + 6Im(r)) 
for all X = X D - a^fdZl - -j=l G K ® z K wrf/i 6 > and (A, A) < 0. 

Proof. We have 

Im((3,r),A) =Im(3,A D ) + o-v/jdfc[ + 6Im(r) 

> - ~|Ad| • |a| +a v / |^|+6Im(r). 
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Since > (A, A) = (Xd,^d) — 2ab, we also have |A| 2 < 4ab and |A_d| 2 < Aab. Consequently, 



Im<( 3 , t), A) - A|A| > oV|dfc| + 6Im(r) - Vab • (| 3 | + 2 A) 
> B(a\d k \ +6Im(r)) 
+ (1 - B) (a\d k \ + 6Im(r)) - • (|j| + 2A). 



The quantity in the latter line can be interpreted as a binary quadratic form in ^fa and \/b, 

(UI+2A) 2 
4|d fc |(l-B) 2 



which is positive definite if Im(r) > ,A 3 It^La . This implies the assertion. □ 



Proof of Theorem \4-3.3\ It is easily seen that Sf is finite. To obtain the claimed analytic 
properties of $>(z,f) on Bg($Q,Q), we consider the different terms of the Fourier expansion 
given in Theorem 14.4.21 

1. We begin with the term 

£ £ c-HA,A)^)^ie(i^l')Q+i(A, M )Q)V„ (SjW 

AG A" veL '/L J>1 J V ' Z ' 1 Zl 

<A,A)>0 „| in ^- Q =A 

According to |Brl[ equality (3.26)], the function V n (A, B) is bounded by a constant multiple 
of e~^ A2+B ' 2 . Moreover, for A € K ' with (A, A) > we have 

If we write A = A^ — a^/dZi 4=£ (where \d € -D <8>z Q and a, 6 <G Q), then in view of 

Lemma T4.4.4I there exists an e' > such that 



7Tj|A| TTj'IA,, 



141 ' |4| 



« exp (-e'jy/a?\d k \ + 6 2 Im(r) 2 + N( 3 , r)(A D , A D ) 



Since the coefficients c (m, /i) have only polynomial growth asm-> — oo, we find that the 
above sum over A £ K' converges uniformly on Bs($ ,0) to a function which is bounded 
by 0(exp(— s" \J — log |<7 r |)) as q r — > for some e" > 0. Hence this sum converges to 
a continuous function on B$($o,0) which vanishes along the divisor q r — 0. Analogous 
estimates hold for all iterated partial derivatives with respect to Using the fact that 

dr = 2^7^, we obtain that the differentials d, <9, dd of this function have log-log growth 
along q r — 0. 

2. For the term c + (0, 0) log |£ 2 |, we notice that 

log|£ 2 |--log(N( 3 ,T)/2) 

= -log(\/^Im(r)-( 3 , 3 )/2) 

ry/\dk\ (3,3) \ 



log (- log - log 



2tt 2 log |^| 



The second summand on the right hand side extends to a continuous function on 5,5(30, 0) 
whose differentials have log-log growth along the boundary divisor q r — 0. 
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3. Next, we consider the term 

E E c+(-<A ) A>^)log(l- e «i/,/> Q + <A, M ) Q + i|A w |/|4|)) 

AeAT'\{0} veL'/L 

= E E c+(-(A,A)^)log(l-e((^f) Q + Re((3,T),A)+z|Im(( 3 ,T) ; A)|)). 

AeA"\{0} ueL'/L 

^Ln^-^x 

There exists a constant C > such that c + (m, i>) = 0(e c ^™) for m — > oo. Hence it follows 
from Corollary 14.4.51 and Lemma T4.4.61 that the sum over X G K' with (A, A) < converges 
uniformly on B$ (}q, 0) to a function which is bounded by 0(exp(— s" \/ — log |<7 r Q) as q r — >• 
for some e" > 0. Observe that (A, A) < implies that (A, t) ^ 0. 

Moreover, Lemma T4.4.4I implies that, if 5 is sufficiently small, the sum over A € K' with 
(A, A) > and (A, i) ^ converges uniformly on Bg{iQ,Qi) to a function which is bounded 
by 0(exp(— e" y — log \q r \)) as g r — > for some e" > 0. Analogous estimates hold for all 
iterated partial derivatives with respect to (3,t). Hence, up to a continuous function with 
log-log growth differentials, the above sum is equal to 



(4.4.3) E c + (-(\,X),v)log(l-e((v,l% + {\,L l ) Q + i\\ w \/\£ z \)) 

xeK'^{o} ueL'/L 
(\,t)=Q v \Lne x ' Q =X 

= E c+(-(A,A),A)log(l-e(Re(3+l,A>+j|Im( 3 +^,A)|)). 

A^O 

Notice that the this sum does not depend on r. We let Tf be the finite set 

(4.4.4) Tf = {Ael'n^/Zf : (A, A) > 0, c+(-(A,A),A) ^ and Im(jo + 1, A) = 0}, 

and we let T/ be a fixed system of representatives for T//{±1}. If <5 is sufficiently small, 
then on the the right hand side of (I4.4.3|) . the sum over those A which do not belong to Tf 
defines a smooth function on Bs(%o,0). Hence, up to a smooth function, (14.4.31) is equal to 



c+ (- (A, A), A) log (l - e(Re< 3 + 1, A) + i\ Im( 3 + 1, A)|) ) 



\er f 

= E c + (-(A,A),A)log|l-e((3 + ^,A))| 2 +47r ]T c+(-(A, A), A) Im( 3 + £, A). 

xeff xeff 

Im(i+e,X)<0 

We find that (|4.4.3p is the sum of a smooth function on Bs(%o, 0) and 

(4.4.5) Yl c + (-(A,A),A)log|( 3 +€,A)|+4^ £ c+(-(A, A), A) Im( 3 + 1, A). 

Ae^ xeff 

Im< 3 +£,A)<0 

^. It remains to consider the quantity y^ji | ^ K ( w > Ik)- Let ^a € (fe£ n L)/1£ = a/Z£ 
be a primitive vector. Then o = + "LI. If we write ^ = al with a E k, we have a = Oo^ 
with Oq = + Z C k and 
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The positive definite lattice Kni^' 1 ^ /Z£k is isomorphic to the Ofc-lattice D = Lna 1 /o. We 
use the Fourier expansion given in |Brll Chapter 3.1] with respect to the primitive isotropic 
vector £ K , to describe the behavior on Bg(^ , 0). The vector 

■ (3,r) 
Wl = —i- 



V2N(3,r) 

is the unique positively oriented vector in the real line w of length —1. For A £ D ®z K we 
have 

v^Im^A) 

{wi,\)q - 



(wi,e 



K 



y/2lm(a) 



Let t' K £ K' such that (1'k,£k)q = 1- According to [Brl, p. 68], we have in our present 
notation that 

* K (wx,fK) = W , 1 - , * D (fD) 

/ \ n— 2 

+4V2 * e E c-ha^miai- 1 

i/|inf J -=A 

(4A7) x Ei-e fiT^f +H»,*k)q) *n-i (j^jVj 

Here B2 (x) denotes the 1-periodic function on R which agrees on < x < 1 with the second 
Bernoulli polynomial i?2(x) — x 2 — x + 1/6, and ^(x) denotes the if-Bessel function. 
Because of the exponential decay of the iC-Bessel function, we find that 



T 



$ K («;, ) = v ' <$> K (w, f K ) 



V2\Q " ,J ~' 2 
= ^*^)«) £ C + (-(A,A),A)B 2 (^^) +S (3,.), 

where s(3,t) is a continuous function on 5,5(30,0) with log-log growth differentials. If 5 is 
sufficiently small, then the second summand on the right hand side is the sum of a smooth 
function on -65(30, 0) and 

8tt E c+(-(A,A),A)Im(3+i r ,A). 
\ef f 

lm(i+i,X)<0 

Note that this term is the negative of the contribution coming from the second quantity 
in (|4.4.5|) . We obtain that up to a continuous function on 5,5(30,0) with log- log growth 
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differentials, the term ^ & K (w, fx) is equal to 



r$ D {f D ) 



(4-4.8) ~ 2^rN(0 lQg|gr|+87r 5 c + (-(A, A), A) Im( 3 + ^, A). 

lxa(i+t,\)<Q 

Here we have also used (14.4.61) . 

5. Adding together all the contributions, we find that if 8 is sufficiently small, then 

*(*,/)+ lKu D ! log \lr I + c+(0, 0) log |log \q r 1 1 + 2 V c+ (- (A, A) , A) log | ( 3 + £, A) | 
27rN(a ) x&Sf 

has a continuation to a continuous function on 5,5(30,0). It is smooth on the complement 
of the boundary divisor q r = 0, and its images under the differentials d, d, dd have log-log 
growth along the divisor q r = 0. □ 

Proof of Proposition \3.S.4\ We only prove that for n > 3 the Green function <E>(z, /) belongs 
to L 2 (Xp,il™ _1 ) = L 2 (Xr, SI" -1 ). The other assertion can be proved analogously. Since 
is compact, it suffices to show this locally for a small neighborhood of any point of X£. 
Since $(z,/) has only logarithmic singularities outside the boundary, and since f2 ra_1 is 
smooth outside the boundary, this is clear outside the boundary points. 

Therefore it suffices to show that for any primitive isotropic vector I € L and any bound- 
ary point (30, 0) € V £ (£) the function $(z, /) is square integrable with respect to the measure 
Qn-i m a sma ji neighborhood Bs(^o, 0). 

It is easily seen that there exists a non-zero constant c such that 
ft"- 1 =c-N(3,r)- 




log|«r| - <3,3) ) '/} <lj '''' 



Air 2 \ tt bml w " 00 \q r \ 2 



Here we have put di = d$i ■ ■ ■ d$ n -2- Hence, according to Theorem l4.3.3l it suffices to show 
that log \q r \ is square integrable on Bs(}o, 0) with respect to the measure ft"^ 1 . Since n > 3, 
this is now easily seen. □ 

5. Integral models of Shimura varieties 

In this section we introduce the arithmetic Shimura variety M on which we will be doing 
intersection theory, and introduce certain cycles on M in dimension one and codimension 
one. 

For the remainder of the article we assume that df~ is odd. This hypothesis will be used in 
several places, but the primary reason for this assumption is that when dk is even, Theorem 
l5.1.4l below is not known (or necessarily expected) to be true. It is Theorem 15 . 1 .41 that tells 
us that the Shimura variety M is regular, and regularity is a prerequisite for a having a good 
intersection theory. 

5.1. The stack M and the Kudla-Rapoport divisors. Let M( m ) be the algebraic stack 
over Ok whose functor of points assigns to an Ofc-scheme S the groupokfl of triples (A, tp, i), 
in which 

• A is an abelian scheme over S of relative dimension m, 

• ip : A — > A v is a principal polarization, 



2 Recall that a groupoid is a category in which all morphisms are invertible. 
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• i : Ok — > End (A) is an action of Ok on A. 

We insist that the polarization ip be O^-linear, in the sense that ip o i(x) = i(x) v o ip for 
every x € Ok- We further insist that the action of Ok satisfy the signature (m, 0) condition: 
the induced action of Ok on the Os-module Lie(^4) is through the structure morphism 
Ok — > Os- We usually just write A <E M/ m0 \(S) for an S- valued point, and suppress ip and 
i from the notation. 

Remark 5.1.1. The stack Mn q) i s simply the moduli space of elliptic curves with complex 
multiplication by Ok, with the action of Ok on Lie algebras normalized in a prescribed way. 

Remark 5.1.2. The stack M( , m ) is defined in exactly the same way as Kr m>0 \, except that 
the signature condition is replaced by the signature (0, m) condition: the induced action of 
Ok on Lie(A) is through the complex conjugate of the structure morphism Ok — > Os- The 
stack M(o, m ) is obtained from M( m ) by pullback through complex conjugation Spec(Ofe) — > 
Spec(Ofc) on the base. 

The following result is a restatement of |Ho3, Proposition 2.1.2]. 

Proposition 5.1.3. The siacfcM( m ) * s smooth and proper of relative dimension over Ok- 
In particular, it is regular and flat over Ok- The same results hold for M( 0jm ). 

Let M( m l ) be the algebraic stack over Ok whose functor of points assigns to an O^-scheme 
S the groupoid of quadruples (A, ip, i, F) in which 

• A is an abelian scheme over S of relative dimension m + 1, 

• ij] : A — > A v is a principal polarization of A, 

• i : Ok — > End(A) is an action of Ok on A, 

• T C Lie(A) is an O^-stable s -submodule, which is locally an Og-module direct 
summand of rank m. 

We again insist that ip be O^-linear, and that the subsheaf T satisfy Kramer's signature 
(m, 1) condition: the action of Ok on T is through the structure morphism Ok —> Os, 
while the action of Ok on the line bundle lAe(A)/F is through the complex conjugate of 
the structure morphism. When no confusion will arise, we suppress ip, i, and J- from the 
notation, and write S- valued points as A € M^^^S 1 ). 

The following theorem follows from results of Kramer jKrj and Pappas [Pa] . 

Theorem 5.1.4 (Kramer, Pappas). The stack M( m l ) is regular, flat over Ok of relative 
dimension m, and smooth over O^fl/dfe]. 

For a fixed n > 2, wc next define divisors on the n-dimensional regular algebraic stack 

M = M(i, ) x 0fc M (rl _ M) , 

following Kudla-Rapoport KR2 ( Section 2]. Let S be a connected O^-scheme. For any pair 
(Aq, A) £ M(5) we may form the Ofc-module 

(5.1.1) L(A Q ,A)=Rom Oh (A ,A). 

This module is equipped with the positive definite hermitian form 

(x,y) =ip„ 1 oy v oi^ox, 

where the composition on the right is viewed as an element of Ok — Endo fc (Ao). 

Definition 5.1.5. For each positive m € Q and each r | T>k, define the Kudla-Rapoport 
divisor Z(m,t) to be the algebraic stack over Ok whose functor of points assigns to every 
connected Ofc-scheme S the groupoid of all triples (Aq , A, A) in which 



30 



JAN H. BRUINIER, BENJAMIN HOWARD, AND TONGHAI YANG 



. (A ,A)eu(S), 

• A 6 v^ 1 L(A n , A) satisfies (A, A) = m, 
and the morphism SkX : Aq — > A induces the trivial map 
(5.1.2) d k X : Lic(Ao) ->■ Lie(A)/F, 

where 8k is any O^-module generator of 

Remark 5.1.6. Of course (j2.1.ip implies that Z(m, r) = unless m E N(t) _1 Z. 

Remark 5.1.7. The vanishing of (|5.1.2p is automatic if N(t) 6 Og. In general, if N is any 
Og-module with a commuting action of Ok, and if an = an for all a € Ok and n G JV", then 
<5fciV = 0. If N(r) <E then any A <G v~ 1 L(Aq,A) induces an O^-linear map 

A : Lie(A ) Ue(A)/F. 

Recalling that Ok acts on the Lie(^o) through the structure morphism Ok — ► Os, and acts 
on the quotient Lie(A)/J r through the complex conjugate, we may take N to be the image 
of this map to see that f|5 . 1 .2[) is trivial. 

Remark 5.1.8. When r = Ok, our Kudla-Rapoport divisors are related to the Z(m) of 
|KR2| as follows. In [loc. cit.] there is a stack A4(n — 1,1) similar to our Mt n -i,i), but 
defined by imposing Pappus's wedge conditions on Lie(A), instead of imposing the subsheaf 
J- C Lie(A). Forgetting the subsheaf T defines a morphism Mt n -i,i) ~ ¥ M-{n — 1, 1), which 
induces a morphism from M to the stack A4 of [loc. cit.]. Our Z(m,Ok) is the pullback of 
Z(m) to M. 

When r ^ Ok, our Z(m,r) is not the pullback of any divisor on Ai, because one needs 
the subsheaf F in order to formulate the vanishing condition ()5.1.2)) . 

The forgetful map Z(m, r) — > M is finite, unramified, and representable, as in [KR2 ( 
Proposition 2.10]. Using the following proposition, we may view Z(m, r) as a divisor on M in 
the usual way (the meaning of this is explained in detail in Section 17. ip . 

Proposition 5.1.9. The stack Z(m,r) is a local complete intersection of dimension n — 1. 

Proof. When r = Ok this is |Ho31 Proposition 3.2.3]. The methods will be used again in 
Section 17.41 and so we give the argument in the general case. Let F be an algebraically 
closed field, let 

z = (Aq,A,X) e Z(m,t)(F) 

be a geometric point, and let 

y = (A ,A) eH(F) 

be the point below z. Denote by R z the completed etale local ring of Z(m,r) at z, and by 
R y the completed etale local ring of M at y. By the regularity of M, it suffices to show that 
the kernel / of the natural surjection R y — > R z is generated by a single nonzero element. 
Set R z = R y /Im y , where m y C R y is the maximal ideal, so that I — ker(i? 2 — > R z ) 
satisfies X 2 = 0. By Nakayama's lemma, to show that I is principal it suffices to prove that 
I = I /m y I is principal. 

If we let W denote the completed etale local ring of Spec(Ofc) at the point below z, then 
R y and R z pro- represent the deformation functors of (^4oj A) and (Ao, A, A) to Artinian local 
VU-algebras with residue field F. Let (Aq, A, A) be the universal deformation of (Aq, A, A) 
to R z , and let (Ao, A) be the reduction to R z of the universal object over R y . Fix a LI € Ok 
satisfying Ok — Z[LI], and set 

J = LI (g) 1 - 1 (g) LI € O k <8>z Rz- 
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Note that J generates the kernel of the natural map Ok <8>z Rz — > Rz- The algebraic de 
Rham homology (see Section 17. 2\ of A sits in a short exact sequence 

-> Fil^A) -> Hf R (A) -> Lie(A) -> 0, 

of free i? z -modules, and similarly with A replaced by Aq. Moreover, Hf R (Ao) is free of 
rank one over Ofc ®z -R z , and 

Fil^Ao) = JH? R (A ). 
For the proof of this last equality, note that JLie(Ao) = 0, which proves one inclusion; 
equality then follows as both sides are rank one i? z -module direct summands of Hf R (A ). 

As the subsheaf T C Lie(A) is annihilated by J, the Lie algebra Lie(A) admits an 
i? z -module basis ei, . . . , e„ such that T is generated by ex, ... , e n -i, and J acts on Lie(A) 
as 

J = 

for some j±, . . . , j n £ R z . The essential fact, proved in the course of proving [Ho3, Proposi- 
tion 3.2.3], is that for any such basis the ideal (ji, . . . ,j n ) C R z is principal. 
First suppose that N(r) £ F x , so that A £ v^ 1 L(A , A) induces a map 

A : Hf R {A G ) -> Hf R {A). 

As the kernel of R z — > R z has square zero, the deformation theory of |Lanl Chapter 2] tells 
us that this map has a canonical lift to a map 

A : Hf R (A ) -> 

and the maximal quotient of R z over which A deforms is defined by the vanishing of the 
composition 

Fil 1 (A) ^ H? R {A) \ H( R (A) -> Lie(l). 

Note that the deformation of A to this maximal quotient automatically satisfies the extra 
vanishing condition of (15.1.21) . by Remark 15.1.71 On the other hand, we know by the uni- 
versality of (-4.0, A, A) that this maximal quotient is R z /T = R z . Thus R z is the maximal 
quotient of R z in which 

\(JH? R (A )) £ Lie(A) 
vanishes. If we fix an Ok ®i 5-module generator a £ Hf R (Ao) and write A(cr) = ^ a i £ « m 
Lie(A) in terms of our basis {e^}, then 

A(Jcr) = JA(o-) = a„y^ j i e l 

vanishes if and only if a n ji = for every i. Using the principality of the ideal (ji, . . . ,j n ), 
this vanishing locus is defined by a single equation, and so the kernel of R z — > R z is principal. 
Now suppose N(t) = in F, so that 5k,R z = *Rz- In this case 5fcA determines a map 

S k X : Hf R (A ) -> Hf R {A) 
which admits a canonical deformation to 

4A : Hf R (A ) Hf R (A). 
The maximal quotient of R z to which A deforms is defined by the relations 
(1) Sk~X(JHf R (A )) = in Lie(A), 



••• ji 
••• Jn 
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(2) S k X(Hf R {A a )) = in Ue{A)/F. 

It is the second relation that guarantees that the deformation of A satisfies the vanishing 
condition of (|5.1.2[) . But JT = 0, and so the second relation implies the first. Keeping a as 
above, we have now shown that R z is the maximal quotient of R z in which <5fcA(er) = in 
Lie(A) I T . As Lie(A)/J r is free of rank one over R z , the kernel of R z — > R z is principal. 

It only remains to show that 1^0. If I = then, as M is n dimensional and flat over 
Ofc, the same would be true of the local ring R z . This would imply that Z(m, r)(C) contains 
an irreducible component of dimension n — 1. But the complex uniformization of Z(m,r) 
described in Section 101 shows that Z(m,t)(C) has dimension n — 2. □ 

If S = Spec(F) for an algebraically closed field F, and £ ^ char(F) is a prime, then 

(5.1.3) Rom 0k jT e (A Q ),T e (A)) 

carries a hermitian form defined in the same way as the form on (|5.1.1[) . Here Tg denotes 
^-adic Tate module. Although L(Aq, A) need not be self-dual, an easy linear algebra exercise 
shows that ([5.1. 3[) always is; this is a consequence of the hypothesis that the polarizations 
t/'o and %l> are principal. 

If S = Spec(C) then we may form the Betti homology groups 

(5.1.4) 2t = -Efi04 o (C),Z), 2t = ffi(A(C),Z). 

The Ofc-module Hornet (2to, 21) is equipped with a self-dual hermitian form defined exactly 
as for (15.1.11) . now of signature (n— 1, 1). There is an alternate description of this hermitian 
form that will be useful later. Each of the homology groups in (|5.1.4[) is a self-dual hermitian 
Ofc-module. Indeed, the polarization on Aq induces a perfect Z-valued symplectic form tpo 
on 2lo, and there is a unique hermitian form h<& on 2lo satisfying 

where 8^ = V^fc is the square root lying in the upper half complex plane0. Similarly 21 is 
equipped with a perfect symplectic form ijj, and a hermitian form h<& satisfying 

(5.1.5) ip(x, y) = Tr k/ qh<n(6k 1 x,y)- 

The hermitian O^-modules 2to and 21 have signatures (1,0) and [n — 1,1), and, in the 
notation of (|2.1.2j) . there is an isomorphism of hermitian O^-modules 

L(2lo,2l)^Hom 0fc (2l ,2l). 

The following is a slight refinement of Proposition 2.13(h) of KR2 . 

Proposition 5.1.10. For every algebraically closed field ¥ and every (Aq,A) G M(F), there 
is a unique incoherent self-dual hermitian (k^,Ok) -module J£{Aq,A) of signature (n,0) 
satisfying 

3f{Ao,A) t = EDmo Kt (Tt(Ao),T t (A)) 

for every prime £ ^ char(F). Furthermore, J£{Aq,A) depends only on the connected com- 
ponent o/M containing (A ,A), and not on (A ,A) itself. 



More precisely, there is a choice of i = y'—l such that ipo(ix,x) and ip(ix,x) are positive definite, and 
we choose 8^ to lie in the same connected component of C \ R as i 



HEIGHTS OF KUDLA-RAPOPORT DIVISORS 



33 



Proof. First we prove uniqueness. If F has characteristic then there is nothing to prove, as 
the stated conditions determine Jzf (Aq, A) locally at every place of Q. Assume instead that 
F has characteristic p > 0, and that Jzf (Aq, A) and Jzf' (Aq, A) both satisfy the stated prop- 
erties. In particular Jzf (Aq, A)i = J£"(A , A)i for all places £ ^ p, including the archimedean 
place. The incoherence condition then forces 

Sf(Ao, A) p ® Zp Q p £* JSf'(i4o, A) p ® Zp Q p . 

By a result of Jacobowitz [Jac] this fc p -hermitian space contains at most one isomorphism 
class of self-dual hermitian Ofc-modulefl and so Jzf (Aq, A) p = Jzf'(A , A) p . 

For existence, suppose first that F has characteristic 0. It suffices to treat the case F = C. 
We have no choice but to take J£(Aq,A)i = Homo htl (T((A ),Ti(A)) at all finite primes, 
and must take J£'(Ao,A) 00 to have signature (n, 0). The only thing to check is that the 
resulting J£(Aq,A) is incoherent. On the one hand, in the notation of (|5.1.4p . there is an 
isomorphism 

(5.1.6) L(ao,a)® z ZS*jS?(i4o,A)/. 

On the other hand, L(21q, 21) has signature (n — 1, 1), while Jzf (A , A) has signature (n, 0). 
Thus the local invariants of L(2toj 21) ®Z A and Jzf (Aq, A) differ at exactly the archimedean 
place, and the coherence of the former implies the incoherence of the latter. 

Now take F to be arbitrary and let R be the completed etale local ring of M at (Aq, A), 
so that R is a strictly Henselian local domain with residue field F, and comes with a lift 
(A , A) e H(R) of (Aq, A) to R. The flatness of M implies that the fraction field F = Frac(iJ) 
has characteristic zero, and so from the paragraph above we know the existence of the 
hermitian (k^, Ofe)-module Jzf (A / F *i e , A/ F *i e ). One easily checks that 

%(Aq, A) =J?(A Q/F ,a s ,A /F » ls ) 

satisfies all the desired properties. Moreover, the pair (A / F ,a s , A / F si s ) e M(F alg ) is the 
pullback of the universal object via the generic geometric point Spec(F alg ) — > M, and so 
depends only on the connected component containing (Aq,A). Hence the same is true of 
££(Aq,A). ' □ 

From Proposition 15.1 .TU1 we obtain a decomposition 

(5.1.7) m = |Jm^ 

if 

where Jzf runs over all incoherent self-dual hermitian (feg, Ofc)-modules of signature (n, 0), 
and M_jf is the union of those connected components of M for which J£(Aq,A) = Jzf at 
every geometric point (Aq,A). By setting Z_jf(m, c) = Z(m, r) x M M_jf we obtain a similar 
decomposition 

Z(m,t) =\_\Zj?(m,x), 

5.2. CM cycles. For an Ofc-scheme S, an ^-valued point 

(A\,B) € (M(o,i) xo fc M(„_ 10 ) )(S) 

determines an ^-valued point A\ x B G M( n _i .i)(5*), where A\ x i? is implicitly endowed 
with the product polarization, the product action of Ok, and the Ofc-stable Os-submodulc 



See also Proposition 2.15 of lKR2l . We are using here the hypothesis that is odd. 
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Lie(B) C Lie(Ai x B) satisfying Kramer's signature (n — 1, 1) condition. In other words, 
the construction (Ai, B) H> A\ x B defines a morphism 

M( ,l) x O k M(„_l, ) M(n-l,l)- 

The algebraic stack 

Y = M (1;0 ) x 0fc M (0 ,i) x 0fc M (n _ 1)0 ) 

is smooth and proper of relative dimension over Ok, and admits a finite and unramificd 
morphism Y -» M defined by (Ao,Ai,-B) i— > (A ,Ai x L?). The algebraic stack Y is a CM 
cycle, in the sense that for any triple (A ,Ai,B) G Y(5) the entries A and Ai are elliptic 
curves with complex multiplication, while B is isogenous to a product of elliptic curves with 
complex multiplication. 

For any S- valued point (Aq, A\,B) £ Y(5) there is an orthogonal decomposition 

(5.2.1) L(A , Ai x B) = L(A , Ai) © L(A Q , B), 

where L(Aq, Ai) = Homo fc (A , Ai) and £(A , B) = Homo fc (A , S). 

Lemma 5.2.1. Let S* 6e an Ok-scheme, and let S c — > S a closed subscheme defined by a 
nilpotent ideal sheaf. Suppose k and £ are positive integers. Every pair 

{B U B 2 ) G (M (M) x 0k H (L0) ) (S) 
admits a unique deformation to an S-valued point 

(Bi,B 2 ) G (M (fc ,o) x Gfc M (/)0 )) (S), 

and the restriction map 

E.om 0h (B u B 2 ) -t Romo h (Bx,B 2 ) 

is an isomorphism. 

Proof. The analogous statement for p-divisible groups, proved using Grothendieck-Messing 
theory and assuming that p is locally nilpotent on S, is |Ho21 Proposition 2.4.1]. To prove 
the lemma, combine the argument of [loc. cit] with the proof of }Ho3| Proposition 2.1.2], 
which is based instead on algebraic de Rham cohomology, and so is valid for abelian schemes 
over an arbitrary base. □ 

Proposition 5.2.2. Let S = Spec(F) be the spectrum of an algebraically closed field, and 
suppose (A ,Ai,B) G Y(F). 

(1) There is a unique incoherent self-dual hermitian (fen, Ok) -module j£?o(Ao,Ax) of 
signature (1,0) satisfying 

J%(Ao,Ai)i £* Hom 0fc , (T £ (A ),T £ (A!)) 

for every prime I ^ char(F). 

(2) The hermitian Ok-module L(Aq,B) is self-dual of signature (n — 1,0). 

Moreover, the modules Jz?o(Ao, A\) and L(Aq, B) depend only the connected component ofY 
containing (Aq, A\,B), and not on the point (Aq, Ai,_B) itself. 

Proof. The claims concerning (Ao,Ai) are exactly as in Proposition I5.1.TU1 and we omit 
their identical proofs. For the pair (Aq,B), first suppose that F has characteristic 0, in 
which case we may assume that F = C. As in the discussion following (|5.1.4j) . the Ok~ 
modules 2t = #i(Ao(C),Z) and *B = Hi(B(C),Z) come equipped with hermitian forms of 
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signatures (1, 0) and (n — 1, 0), respectively. It follows from the signature conditions on Aq 
and B that 

A (C)^21 rM> 
B(C) <* 95 R /«8, 

where the complex structure on the right hand side of each isomorphism is determined by 
the natural action of Ok ©z R = C. It follows that L(Aq,B) = L(%Iq,*B), and elementary 
linear algebra shows that the right hand side is self-dual of signature (n — 1,0). 

For the case of arbitrary F, let R be the completed etale local ring of Y at the geometric 
point (Aq, Ai, B). As Y is smooth of relative dimension over Ok, the fraction field F = 
Frac(i?) has characteristic 0, and there is a canonical point (Aq,B) G Y(i?) lifting (Aq,B). 
From the characteristic case just treated, we know that L(A / F ^ S , Bi F ai s ) is self-dual of 
signature (n — 1,0). It is easy to see from Lemma f5 . 2 . 1 1 and . for example, |FGA[ Corollary 
8.4.7] that the reduction map L(Aq,B) — > L(Aq,B) is an isomorphism. Composing its 
inverse with base change to F alg yields an isomorphism L(Aq,B) = L(A / Fa ig, Bi F a,\g), 
which shows that L(Aq, B) is self-dual of signature (n — 1, 0). 

The proof that L(Aq, B) is constant on connected components is exactly as in the proof 
of Proposition [SXTD1 □ 

From Proposition 15 . 2 .21 we have a decomposition 

(5-2.2) Y= [J Y (J% , A) , 

(JSPo.A) 

where the indices run over all isomorphism classes of pairs (Jz?o, A) consisting of 

• an incoherent self-dual hermitian (kg., 0fc)-module Jz?o of signature (1,0), 

• a self-dual hermitian O^-module A of signature (n — 1,0). 

The stack Y( cg a ^ is the union of those connected components of Y along which «ifo (^o > -Ai) — 
JSf and L(A ,B) = A. 

Remark 5.2.3. From (|5.1.7I) we obtain a decomposition 

Y= U Y (J8!b)A) . 
(JSfo.A) 

Moreover, each pair (Jz? ,A) as above determines an incoherent self-dual (kg, (9fe)-module 
«5fo © A of signature (n, 0), whose infinite and finite parts are, by definition, 

(Jz?o © A)oo = if ,oo © (A © z M) 
(J% © A)/ = Jz?o,/ © (A © z Z). 
If we fix one pair (Jz?o, A) and set Jzf = © A, the morphism Y — > M restricts to a morphism 
Y(j%,a) -> Mjar. 

5.3. Decomposition of the intersection. In this subsection and the next, fix one Yi& 0t \) 
as in (|5.2.2j) . and set S£ = Jz?o © A as in Remark 15.2.31 From the preceeding subsections we 
have a cartesian diagram (this is the definition of the upper left corner) 

Zs°(m, r) n Y(^ 0iA) Y ( ^ 0jA) 



Zj^(m,r) 
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Our goal is to decompose the intersection Z_$? (m, r) n Yrj? 0l A) into smaller, more manageable 
substacks. 

Given m\,m,2 € Q>o and v | Ofe, denote by X(y 0jJ \)( m ii m 2 I ' : ) the algebraic stack over 
Ok whose functor of points assigns to a connected ©^.-scheme S the groupoid of tuples 
(A ,A 1 ,B,\ 1 ,X 2 ) in which 

• (Ao,M,B) G Y (JSf0iA) (5) > 

• Ai e t _1 .L(Ao,Ai) satisfies (Ai,Ai) = mi, 

• A2 G t _1 L(Ao,-B) satisfies (A2,A2) = m2, 

and the map <5fe Ai : A —¥ Ai induces the trivial map 
(5.3.1) 5 k Xx : Lie(A ) ->■ Lie(Ai) 

for any generator 4 £ Ofc. As in Remark 15.1.71 this last condition is automatically satisfied 
if N(t) G O5 . 

Proposition 5.3.1. For every m G Q>o a^rf every r | Ofc, i/iere is an isomorphism of 
Ok-stacks 

(5-3.2) ZifKt)nY W j,= |J X (jS?0)A) (mi,m2,t)- 

rni,m 2 eQ>o 
milm2-m 

Proof. Suppose S is a connected Ofc-scheme. An S'-valued point on the right hand side of 
(15.3.21) consists of a triple 

(A ,A, A) e Zst(m,x)(S) 

and a triple 

(A ,Ai,B) g Y ( ^ oA) (5) 

together with an isomorphism A = A\ x £> identifying Lie(B) with the subsheaf T C Lie(A). 
Under the orthogonal decomposition (|5.2.ip . A G z~ x L{Aq,A) decomposes as 

A = Ai + A 2 G x~ x L{Aq, Ai) © r-^CAo, 5) 

in such a way that (A, A) = (Ai,Ai) + (A2,A2). If we set m\ = (Ai,Ai) and 1112 = (A2,A2) 
then the quintuple (Ao, Ai, B, Ai, A2) defines an S'-valued point of X(_sj> 0iA )(mi, m.2, t). This 
defines the desired isomorphism. □ 

Now we completely determine the structure of the stacks appearing in the right hand side 
of (|5.3.2|) . We will see momentarily that each has dimension or 1, depending on whether 
mi > or mi = 0. For any m G Q>o and any r | d k , define the representation number 

(5.3.3) R\(m,x) = |{A G r _1 A : (A, A) = m}\. 
For m 6 <Q>o define a finite set of odd cardinality 

(5.3.4) Diff^f (m) = {primes p of Q : m is not represented by ^o, p }, 
and note that every p G DifF^f (m) is nonsplit in k. 

Theorem 5.3.2. Fix m 1 ,m 2 G Q>o with m 1 > 7 and r | fc . Abbreviate 

X = X(i» ,A)(mi,m 2 ,r). 
(1) //|Diff^ (mi)| > 1, then X = 0. 
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(2) If DifF_5f (mi) = {p}, then X has dimension and is supported in characteristic p. 
Furthermore, the etale local ring of every geometric point of X has length 



v p (mi) = ordp(pmi) 



if p is inert in k, 
if p is ramified in k, 

and the number of geometric points of J. (counted with multiplicities) is 



„ 1 h k i? A (m 2 ,t) /miN(s) 
( 5 - 3 - 5 ) 7777777777 = 77 77777777777 ' P 



(5.3.6) 



|Aut(z)| w k |Aut(A)| r \ p e 

where p is the unique prime of k above p, Fp' s is an algebraic closure of its residue 
field, p is defined by il.5.1\) , s = t/(t + p) is the prime-to-p part oft, and 

if p is inert in k, 
if p is ramified in k. 



Proof. If X 7^ then there is some point (Aq, A\, B, Ai, A2) G X(F), where F is either C or 
Fp lg for some prime p. Let Ai be the elliptic curve A\, but with the action of Ok replaced 
by its complex conjugate. Thus Ai : Aq — > A\ is an Ok- conjugate-linear degree mi quasi- 
isogeny between elliptic curves with complex multiplication, and Ok acts on the Lie algebras 
of Aq and Ai through the same homomorphism Ok — > F. The only way such a conjugate 
linear quasi-isogeny can exist is if F has nonzero characteristic, p is nonsplit in k, and Aq 
and A\ are supersingular elliptic curves. In particular 

Hom Ze (T e (Ao),T e (A 1 )) = Hom(A , Aj) <E>z %i 

for every prime £ ^ p, and hence also 

jSffo S Jgf (A),Ai)/ = Homo fei ,(T^(A ),T^^i)) S£(4Ai) ® z Z e 

as hermitian Ofc^-modules. As (Ai,Ai) = mi by definition of the moduli space X, we 
have now shown that Jfo/ represents mi for all finite primes I ^ p. Therefore Diff ^? (mi) 
contains at most one prime, p. We have already remarked that this set has odd cardinality, 
and therefore Diff ^(mj = {p}. 

We interrupt the proof for a lemma. 

Lemma 5.3.3. The Stale local ring of J. at every point 

{A ,A 1 ,B,x 1 ,x 2 ) GX(F^ ls ) 

is Artinian of length v v (m\). 

Proof. We reduce the proof to calculations of Gross |Gr| . The tuple (A , A\, B, Ai, A2) 
corresponds to a morphism z : Spec(Fp lg ) — > X, and by composing with the structure 
morphism we obtain a geometric point Spec(Fp lg ) — > Spcc(Ofc). Let W be the completion 
of the etale local ring of Spec(Ofe) at this point. In less fancy language, W is the completion 
of the integer ring of the maximal unramified extension of fc p . Let R be the completed etale 
local ring of X at (Aq, Ai, B, Ai, A2)- This ring pro-represents the deformation functor of 
the tuple (Aq, Ai, B, Ai, A2) to Artinian local H^-algebras with residue field F. Lemma [5. 2. II 
implies that (Aq, B, A2) admits a unique lift to any such W-algebra. Thus the data of B and 
A2 can be ignored in the deformation problem, and R pro-represents the deformation functor 
of (Aq, Ai, Ai). Equivalently, R pro- represents the deformation functor of (Aq, Ai, Ai). 
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By the Scire- Tate theorem we may replace Aq and A\ in the above deformation problem 
by their p-divisible groups, which are Ofc jP -linearly isomorphic. Let G be the connected 
p-divisible group of height 2 and dimension 1 over Fjf 8 , and fix an action of O k ,p on G such 
that the induced action on Lie(G) is through the structure morphism O k ,p — > Fp lg . Let 

Ai G t -1 Eiid(G) 

be an O^p-conjugate-linear map such that S k Xi : G — > G induces the trivial map on Lie 
algebras. The quasi-endomorphism A satisfies 

ord p (Nrd(A)) = ord p (mi) 

where Nrd is the reduced norm on the quaternion order End(G), and R pro- represents the 
functor that assigns to every Artinian local W^-algebra with residue field Fp lg the set of 
deformations (G, A) of (G, A) with Aer 1 End(G) and 

(5.3.7) 5 k \ : Lie(G) -> Lie(G) 
equal to zero. 

Suppose first that N(t) G Z* . Then Ai G End(G), and Remark 15.1.71 implies that the 
vanishing of (|5.3.7p is automatically satisfied for any deformation. In this case, Gross's 
results immediately imply that R is Artinian of length v p (mx). 

Now suppose N(t) Z* , so that vOk,p = f fcCfc.p- If we set y = 5 k \i G End(G), then the 
ring R pro-represents the functor that assigns to every Artinian local W-algebra with residue 
field Fp lg the set of deformations (G, y) with y G End(G) and y : Lie(G) — > Lie(G) equal to 
zero. Let R' be the ring pro-representing the same deformation problem, but without the 
condition that y : Lie(G) — > Lic(G) vanish. By Gross's results R' = W/\) k+1 , where 

k = ordp(Nrd(t/)) = u p {m\). 

Let (Gfc+i, yt+i) be the universal deformation of (G,y) to W/p k+1 , and let (Gk,yk) be its 
reduction to W/p k . To show that R = W/p k it suffices to prove that 

(5.3.8) y k+1 : Lie(G fe+1 ) -> Lie(G fe+1 ) 
is nonzero, but that 

(5.3.9) y k : Lie(G fc ) -> Lie(G fc ) 
vanishes. 

For any £, let Gi denote the canonical lifi0 of G to Ri — W/p £ , and let D(Gt) be the 
Grothendieck-Messing crystal of Gi evaluated at Ri. Thus D(Gt) is a free Ok ®z J2f-module 
of rank one, and sits in an exact sequence free i?^-modules 

-> Fil 1 D(G^) -> D(G e ) -> Ue(Gi) -> 0. 

As in the proof of Proposition [5X1 Fil 1 D(G^) = JD(G t ), where O k = Z[LT] and 

j = n(g)i-i®neO fc (g) Z i?£ 

generates (as an i?^-module), the kernel of the natural map O k ®i Re Re- Note that the 
image of 

J = H®l-l®ILeOk<2>zRe 
in Ri is II — II, which generates the maximal ideal pRe- 

^in the sense of |Grl . so Gi is the unique defomation of G, with its action of Ofe p, to R( 
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Suppose we are given an Ofc-conjugate- linear endomorphism yi-i G End(G^_i). By 
Grothendieck-Messing theory, such an endomorphism induces an endomorphism yt—i of 
D(Gi), and yt—\ lifts to End(G*£) if and only if the composition 

Fil 1 D(Gi) -> D{G t ) D(G t ) -> Lie(G e ) 

is trivial. It is now easy to see that each of the following statements is equivalent to the 
next one: 

(1) ye-i lifts to End(G^), 

(2) the image of yi-i(JD(Gi)) = Jyt(D{Gi)) in Lie(G^) is trivial, 

(3) the image of ye-i(D(Ge)) in Lie(G^) lies in p^ _1 Lie(G^), 

(4) the composition 

D(G t ) ^ D(G t ) -> Lie(G,) -> Lic(G £ _!) 

vanishes, 

(5) the composition 

D{G t -i) ^ D(Gi-i) -> Lie(G*_0 

vanishes, 

(6) yi-\ : Lic(G£_i) — > Lie(G^_i) is trivial. 

Thus ye— i lifts to End(G^) if and only if it induces the zero endomorphism of Lie(Gg_i), 
and the nonvanishing of (|5.3.8|) and vanishing of (|5.3.9|) follow immediately. □ 

To complete the proof of Theorem 15.3.21 it only remains to prove f|5.3.5[) . We do this 
through a sequence of lemmas. 

Lemma 5.3.4. Abbreviating Y = Y(^f 0) A), we have 

(co mi V 1 = \ " V RL (mi,s)R A (jn 2 ,v) 

[ ' ^ |Aut(z)| 2^ 2^ \Aut(A Q ,Ai,B)\ ' 

L(A ,Ai)SL n 

where the outer sum on the right is over all hermitian Ok-modules Lq of rank one, and the 
representation number i?L (mi,s) is defined in the same way as H5.3.3]) . 

Proof. Directly from the definitions, we have 

^ |Aut(z)| = 2~2 I Aut(A ,Ai,B)\ ' 

zeX(F» lg ) (A ,A 1 ,B)GY(¥f< i ) XiEt- 1 L(A„,A 1 ) \2Et- 1 L(A ,B) ' 

(Ai,Ai)=mi <A2,A2)=iri2 
Lie(<5 fe Ai)=0 

where the condition Lie(JfeAi) = refers to the vanishing of (15.3.11) . 
We claim that 

{A G x^LiAo, A x ) : Lie(S k X) = 0} = sT^M, A x ) 

for all A G M (1 . 0) (Fp lg ) and Ax G M (0!l) (Fp lg ). If A G s _1 L(A , A x ) then, as s is prime to p, 
A induces a morphism of Lie algebras A : Lie(A ) ~~ ► Lie(Ax). By the argument of Remark 
15 . 1 . 71 the image of this map is annihilated by 5k, and so Lie(i5fcA) = 0. Conversely, suppose 
we start with A G t~ 1 L(Ao, A\) satisfying Lie(^A) = 0. Let G be the connected p-divisible 
group of height 2 and dimension 1, and set Ob — End(G). Thus Ob is the maximal order 
in a quaternion division algebra over Q p . We may fix an embedding Ok,p — > End(G) and 
isomorphisms A [p°°] = G = Ai[p°°] in such a way that the first is Ofc iP -linear, and the 
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second is Ofc^-conjugate-linear. The hypothesis A G t~ 1 L(Aa, A\) implies that <5fcA G Cs, 
but we cannot have SkX G Og (for then <5fcA, and also Lie(JfcA), would be an isomorphism). 
Therefore Sp. A lies in the unique maximal ideal of Ob , and hence A G Ob ■ This implies that 

A g r-^^o^i) H Hom(A [p°°], A^]) = s^^Ao, Ai) 

as desired. 

We have now shown that 

1 \ ' x ^ x ^ 1 



^ |Aut(z)| ^ ^ ^ I AutM ,Ai,B)|' 

zeX(F° lE ) (Ao,A 1 ,B)GY(F^ lE )A 1 e S - 1 L(Ao,A 1 ) A 2 er- 1 L(A ,B) ' 

<Ai,Ai)=mi <A 2 ,A 2 >=m2 

On the right hand side, each L(A Q ,Ai) is a hermitian O^-module of rank one, while 
L(Aq, B) = A. The lemma follows immediately. □ 

Let be the incoherent hermitian space over A& determined by Jzfo> and recall from 
Remark 12 . 1.21 that for every prime p nonsplit in k there is a coherent hermitian space 
which is isomorphic to % everywhere locally away from p. We now repeat this construction 
on the level of (fen, Ofc)-modules. Define a new hermitian (fen, Ofc)-module Jzfo(p) by setting 
■%b(p)i — -^o,i for every place £ =/= p. For the p-component J£o(p) p , take the same underlying 
Cfc,p-module as Jzfo jP , but replace the hermitian form (•, ')<g 0v on -^o,p with the hermitian 
form 

where 

{any uniformizing parameter of Z p , if p is inert in fc, 

any element of Z* that is not a norm from 0^ p , if p is ramified in fc. 

The resulting coherent (fog, 0fc)-module J2?o(p) has %(p) as its associated hermitian A&- 
module. Note that if p is inert in fe then Jz?o(p) is not self-dual. 

Lemma 5.3.5. Any triple (Aq, Ai, B) appearing in the final sum of \5. 3. 1 0\) satisfies 

L(A ,A 1 )egen(JZ'o(p))- 

Proof. It is easy to see that 

jSf (p)< = ^oj S ^ (A , A^ = Hom 0fc £ (T £ (A ),T £ (A!)) = Z(A , Ai) ®z Z/ 
for all primes i ^ p, and that 

J%(p)oo =L(A ,Ai)® z M, 

as both sides are positive definite. In particular the coherent Afc-hermitian spaces ~fo{p) and 
L(Ao, Ai) <g>z A are isomorphic at all places away from p, and by comparing invariants we 
see that 

(5.3.11) %{p) p ^L{A ,A 1 )® 7j Q p 

as fcp-hermitian spaces. In order to strengthen (|5.3.11j) to an isomorphism 

(5.3.12) J2f (p)i,!*£(Ao,Ai)®zZp, 

fix Ofc.p-module generators x and y of the left hand side and right hand side, respectively, 
of (|5.3.12p . and define p-adic integers a — (x,x) and f3 = (y,y). 

Let G be the unique connected p-divisible group of height 2 over Fp s , and fix an action 
of Ok,p on G in such a way that the induced action on Lie(G) is through the structure map 
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O k . p -> F^ lg . There is an Ofc p-linear isomorphism G = Ao\p°°], and an 0fc, p - conjugate-linear 
isomorphism G = Ai\p°°]. These choices identify L(Aq,Ai) <E>z Z p with the submodule of 
Ofe p-conjugate-linear endomorphisms 

End^ p (G)cEnd(G), 

and identify the quadratic form (■, ■) on L(Aq, A\)®-£L p with a Z* -multiple of the restriction 
to Endgf fc (G) of the reduced norm on the quaternionic order End(G). A routine calculation 
with quaternion algebras, as in |KRY1[ pp. 376-378], now implies that 

ord p (/3) 



1 if p is inert in k, 
if p is ramified in k. 



Comparing with the definition of -S?o(p) then shows that ord p (a) = ord p (/3). The isomor- 
phism ([5.3. lip implies that Xfc,p( a ) — Xk,p{P), and this information is enough to guaran- 
tee that a//3 is a norm from 0£ p . This proves (|5.3.12|) . and completes the proof of the 
lemma. □ 



Lemma 5.3.6. For each Lq G gen(_S?o(p)) there are isomorphism classes of triples 
(Aq, A\,B) G Y(Fp lg ) such that L(Aq,A\) = Lq. Any such triple satisfies 

|Aut(A),^i,£)| = ™MAut(A)|. 

Proof. Let R be any complete local Noetherian ring with residue Fp lg . Using Lemma T5. 2.11 
and Grothendieck's formal existence theorem |FGA[ Section 8.4.4], the triple (Ao,Ai,B) 
lifts uniquely to R, as do all of its automorphisms. Using this, we are easily reduced to the 
corresponding counting problem in characteristic 0. The category Y(C) is easily described 
in terms of linear algebra (see Section 16.11 below) . Briefly, there are hk CM elliptic curves 
A) G M (i,o)(C), and for each such A there is a unique CM elliptic curve A\ G M( 01 )(C) 
satisfying L(A ,A) = L n , and a unique B G M(„_ 10 )(C) satisfying L(A ,B) = A. Each of 
A and A\ has automorphism group £)£ , and the automorphism group of B is isomorphic 
to Aut(A). * □ 

Lemma 5.3.7. Still assuming that Diff ^(mi) = {p}, we have 

— ^ R La (mi,s)= P [-^ ■ 

K L e S cn(Sf (p)) \ f / 

Proof. As %(p) is coherent, we may fix a hermitian space Vo over k such that 

Vo^qA-roip). 

Note that Diff_sf (mi) = {p} implies that Vq represents mi- Pick one vector Ao G Vo such 
that (Aq, A ) = mi, and an O^-lattice L C Vo such that L G gen(«5f (p))- 

Let fe 1 denote the group of norm one elements in fc x , and define O k in the same way. As 
h varies over k 1 jO\, the lattices h ■ Lq C Vq, with the hermitian forms restricted from Vo, 
vary over gen(_S?o(p)). Thus 

— RL„(mi,s)= Y W-iioCM, 

L egcn(if (p)) hek x /6\ 
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where 1 denotes characteristic function. If wc fix any O^-linear isomorphism Ok — Lq, the 
hermitian form on Lo is identified with (x, y) = xyp t u for some u £ O^ , and now 

— RL {m x ,s)= 1 3 k ( h ~ lsX o) 

L egcn(if (p)) hefa/dl 

where Ao € k x satisfies wN(Ao) = mi/p e , and s £ k x satisfies sOk = 8. The equality 

is easily checked, as both sides admit a factorization over the prime numbers, and the 
prime-by-prime comparison is elementary. □ 

Combining ([5.3. 10[) and the four lemmas shows that 

E l \ - \ - R Lo (m 1 ,s)RA(m 2l v) 

|Aut(z)| V ^ I Aut(A ,Ai,B)\ 

L(A ,Ai)SL 

_ h k x - R La (m 1 ,s)RA(m 2l -c) 
~ wl 2-f |Aut(A)| 

_ hk_ RA(m 2 ,t) ( miN(g) 
~ w k ' | Aut(A)| ' P \ p< 

and completes the proof of Theorem 15.3.21 □ 

Theorem 15.3.21 implies that X(^ ^)(toi, W2,t) has dimension whenever mi > 0. Now 
we turn to the case of mi = 0. 

Proposition 5.3.8. Fix a positive m G Q and r | Ofc . 

(1) // R A {m, r) = then X ( ^ 0>A) (0, m, r) = 0. 

(2) If Ra(iti,v) then X(^ a) (0, m, r) is nonempty, and is smooth of relative dimen- 
sion over Ok . In particular, it is a regular stack of dimension 1 . 

Proof. We know from Proposition 15.1.31 that ^(s? a ,A) Spec(Ofc) is smooth of relative 
dimension 0, and Lemma 15.2.11 implies that the map X-(& ,\){0, m, t) — > Y(£>„.a) defined by 

{A ,A u B,0,X 2 ) ^ (Ao,Ai,B) 

is formally etale. Hence the composition X(_s? m(0, m, r) — » Spec(Ofc) is smooth of relative 
dimension 0. 

It only remains to show that X(^f O) A)(0,m,t) is nonempty if and only if RA(m,x) ^ 0. If 
X(_s? ,A) (0, Tn, r) is nonempty then we may pick any geometric point 

(A ,A 1 ,B,X 1 ,X 2 ) e X (J%iA) (0,m,t)(F). 

Using L(Aq, B) = A, the homomorphism A2 defines an element of A satisfying (A2, A2) = m, 
and in particular -Ra(wi, r) 7^ 0. Conversely, if RA{m, r) 7^ then pick some A2 € A satisfying 
(A2, A2) = m. It follows from the uniformization (|6 . 1 .5[) below that Y(_5? 0)A )(C) 7^ 0, and for 
any choice of (Aq,Ai,B) g Y(^» .a)(C) the vector A2 defines an element of A = L(Aq,B). 
Setting Ai = 0, the tuple (A , A\,B, Ai, A2) defines a complex point of X(^> A )(0, m, r). □ 
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Remark 5.3.9. It follows from (|5.3.2[) and Theorem 15.3.21 that if i?A(m,r) = 0, the intersec- 
tion Z(m,t) fl Y/_5» m is isomorphic to the zero dimensional stack 

(5.3.13) |J X(^ b) A)(mi,m 2 ,r). 

"ii6Q>o 

"12GQ>0 

On the other hand, if RA.(m,t) ^ then Z(m,r) n Yfs? 0t A) is the disjoint union of the zero 
dimensional stack (|5.3.13j) with the one dimensional stack X(^» 0i a) (0, m, r). 

6. CM VALUES OF AUTOMORPHIC GREEN FUNCTIONS 

As in Section [531 fix an n > 2 and a pair (J?o,A) consisting of an incoherent self-dual 
hermitian (feg, Ofc)-module Jzfo of signature (1, 0), and a self-dual hermitian O^-module A of 
signature (n — 1, 0). As in Remark l5.2.3[ define an incoherent self-dual hermitian (feg, £>&)- 
module of signature (n, 0) by 

JSf = J% © A. 

Let j£f (oo) be the unique coherent self-dual hermitian (fcg, Ofc)-module of signature (n— 1, 1) 
satisfying jSf (oo) / = J2?/. In other words, jSf(oo) is obtained from j£f by changing the 
signature at the archimedean place from (n, 0) to (n— 1, 1). Similarly, let _£fo(°°) be obtained 
from Jzfo by switching the signature at the archimedean place from (1,0) to (0, 1). 

As in Section H.51 the finite Z-module D7 JCf/Jff is equipped with a d^Z/Z-valucd 
quadratic form Q(x) — (x,x), and we denote by A its automorphism group as a finite 
quadratic space. The space Sse of complex valued functions on O^ 1 Jzf/ / is equipped with 
an action of A and a commuting action of SL2 (Z) defined by the Weil representation. 
In particular, A acts on the space H2- n (w&) of harmonic Maass forms with values in S se- 
lla the exact same way the finite Z-modules 5jT _Sfo,//-^b,/ an d Dj^A/A are equipped with 
quadratic forms (still denoted Q), and the spaces Sjg and 5a are equipped with actions 
w_5f and uj\ of SL2(Z). Moreover, the obvious isomorphism 

S% = 5*^ ®c 5*a 

is SL2(Z)-equivariant. 

The purpose of this section is twofold. First, we describe the complex uniformizations of 
the orbifolds 

(m, r) (C) M^f (C) Y ( ^ , A) (C) 

constructed in Section 15.11 Comparing these uniformizations with the complex Shimura 
varieties considered earlier will allow us to use the construction (|3.3.1[) to define Green 
functions for the divisors Z^?(m,t). More generally, we will associate to any A-invariant 
harmonic Maass form / G Hi-niy>%) a divisor Z _§?(/) and a Green function $_jf(/). The 
second purpose of this section is to find an explicit formula for the value of $^?(/) at the 
complex points of Y(s? 0t A) 

6.1. Complex uniformization. Here we recall the uniformization of the smooth complex 
orbifold M^f (C) and its Kudla-Rapoport divisors. The complex uniformization is explained 
in |KR2| Section 3] and |Ho2| Section 3.8], and so we only sketch the main ideas. 

To each point (A ,A) £ M^?(C) there is an associated pair (21q,2[) of self-dual hermitian 
Ofc-modules as in f|5 . 1 .4|) . As in (|2 . 1 . 2[) there is an associated self-dual hermitian O^-module 
L(2to,2t) of signature (n — 1, 1), and the isomorphism (|5.1.6[) implies that 

L(2t ,2t) G gen(JS?(oo)). 
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The pair (2lo,2l) depends on the connected component of M_s?(C) containing (A ,A), but 
not on (Ao, A) itself, and the formation of (2lo, 21) from (Ao, A) establishes a bijection from 
the set of connected components of M^> to the set of isomorphism classes of pairs (2lo, 21) m 
which 

• 2lo is a self-dual hermitian O^-module of signature (1,0), 

• 21 is a self-dual hermitian O^-module of signature (n— 1,1), 

• L(2lo,2l) € gen(JSf(oo)). 

Remark 6.1.1. For each L g gen(_§f(oo)) there are exactly /i& pairs (2lo,2l) as above satisfy- 
ing L(2to,2l) = L. Indeed, there are choices of 2to, and for each choice there is a unique 
21 for which i(2t ,2t) = L. 

We now give an explicit parametrization of the connected component of M_£» (C) indexed 
by one pair (2lo,2t). Let 2?(gt ,at) be the space of negative feu-lines in L(21o,21)r. The group 

r (ao ,a) = Aut(Slo) x Aut(2l) 

sits in a short exact sequence 

(6.1.1) 1 -> /i(fc) -> r (2l0i2l) -> Aut(L(2t , 21)) -> 1 

in which the arrow fx(k) Tm ^\ is the diagonal inclusion, and r(gi ,a) — > Aut(L(2lo, 21)) 
sends (70, 7) to the automorphism A H> 7 o A o 7 ~ 1 . In particular, r(2i ,a) ac ts on 2?(a ,a)- 
There is a morphism of (n — l)-dimensional orbifolds 

r (a0iSl) \C (ao ,a ) -> M^(C) 

defined by sending the negative line z € 2}(si ,») to the pair (Aq,A z ), where Aq(C) = 21or/21o 
and A Z (C) = 21r/21 as real Lie groups with Ofe-actions. The complex structure on Aq(C) is 
defined by the natural action of &r = C on 21or, but the complex structure on A Z (C) depends 
on z. A choice of nonzero vector ao £ 21q determines a homomorphism L(21o,21)r —> 21r 
by A 1— > \(clq). The image of z under this homomorphism is a negative line z C 21r, which 
does not depend on the choice of ao- Of course 21r inherits a complex structure from its 
Ofc-action and the isomorphism /cr = C, but this does not define the complex structure on 
A Z (C). Instead, define an M-linear endomorphism I z of 21r by 

i ■ a if a G z 1 
— i ■ a if a G z 



h{a) 



and use this new complex structure I z to make A Z (C) into a complex Lie group. The 
symplectic form ip on 21 defined by (|5.1.5[) defines a polarization on A Z (C), and the subspace 

z 1 - c 2l R Ue(A z ) 

satisfies Kramer's signature (n — 1, 1) condition. From the discussion above we find the 
complex uniformization 

(6.1.2) m^(c)- y r (2t0i2t) \p (2lo>2l) . 

(sto,a) 

Remark 6.1.2. The uniformization (|6.1.2[) shows that M^f(C) is almost the same as 

(6.1.3) |J Aut(L)\2? z , 

iegen(jSf(oo)) 

where T>l is the space of negative AjR-lines in Lr. The difference is that each connected 
component of (|6.1.3I) appears in M_$f (C) with multiplicity h] il by Remark 16.1.11 and the 
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points in M^?(C) have Wk times as many automorphisms as the corresponding points of 
(|6.1.3I) . by the exactness of (|6.1.ip . 

Remark 6.1.3. If either n > 2, or n = 2 and jSf(oo) is isotropic, then the strong approxi- 
mation theorem implies that gen(Jzf (oo)) consists of 2 1_ °( dfc )/ifc isometry classes of self-dual 
hermitian Ofe-lattices. Consequently, M_§?(C) has 2 1 ~°( dk >h k components. 

Now we turn to the complex uniformization of the Kudla-Rapoport divisors. For any m G 
Q>o and any r | Ofc, the algebraic stack of Definition 15.1.51 admits a complex uniformization 

(6.1.4) Z^(m,t)(C)S □ (r (ao , a) \ □ 2? (st0)a) (A)), 

(A,A)=m 

in which 2}(a 0i a)(A) C £>(2i ,2i) is the space of negative lines orthogonal to A. The essential 
point is that T> (a 0i a)(A) is precisely the locus of points z € 2?(a ,a) f° r which the K-linear 
map A : 21or ~~ ► 21r is C- linear relative to the complex structure J z . 

Finally, we describe the complex uniformization of the CM cycle Y/£> m of Section [52] 
Fix a triple (2l , 2li, 95) in which 

• 2to and 2ti are self-dual hermitian Ofc-modules of signatures (1, 0) and (0, 1), respec- 
tively, satisfying L(2to,2ti) € gen(Jz? (oo)), 

• 93 is a self-dual hermitian Ofc-module of signature (n— 1, 0) satisfying L(2lo, 23) = A. 

We attach to this triple the point (A , A\,B) e Y(^ ,a)(C), where 

A (C) = 2l 0R /2t 
Ax(C) = 2t 1K /2ti 
fl(C) = 23 R /23 

as real Lie groups with O^-actions. The complex structure on Aq{C) is given by the natural 
action of &r = C on 21or, and similarly for the complex structure on B(C). The complex 
structure on A\(C), however, is given by the complex conjugate of the natural action of fen = 
C on 21ir. Of course the elliptic curves Aq and A\ are endowed with their unique principal 
polarizations, while B is endowed with the polarization determined by the symplectic form 
ip B on 93 Hi(B(C), Z) defined, as in (j5X51 . by 

ipB{x,y) =tr fc / Q h^S^x^y). 

The construction (2to, 2li, 93) i— ► (Ao, Ai, -B) establishes a bijection from the set of isomor- 
phism classes of all such triples to the set of isomorphism classes of the category Y(^ 0j a) (C), 
and defines an isomorphism of 0-dimensional complex orbifolds 

(6-1.5) Y(^. 0)A )(C)^ |J r (2[0i2ll!(B) \{2/ ( 2 t0i 2 ll! 55)}, 

(Oo,ai,®) 

where 2/(a 0i ai,!8) is a single point on which 

r (ao , ai ,<B) = Aut(2l ,2ti,93) 

acts trivially. The morphism Y(_£? m(C) — > Mj?(C) is easy to describe in terms of (|6.1.5[) 
and (|6.1.2|) . For each triple (2lo,2li,93) we set 21 = 2ti © 93, and send the point y(a ,2li,<B) 
to the point of X>(a ,2i) defined by the negative fcR-line L(21q,21i)r C L(21o,21)r. 
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Remark 6.1.4. The uniformization (|6.1.5[) implies that Y(_j« m(C) has 2 1 °( d h)f l '^ points, 
each with w\ ■ | Aut(A)| automorphisms. Thus the rational number 

deg c Y (if0iA) = 



,JAut(y)| 

yeY(.s?o,A)(C) 



is given by the explicit formula 



h 2 2 1 -°^ 
deg c Y ( ^ 0)A) = -j. jj^-y 

Moreover, we have the following proposition. 

Proposition 6.1.5. Assume that either n > 2, or n = 2 and _Sf (oo) is isotropic. 

(1) The rule Lq h- > Lq © A establishes a bijection 

gen(Jz? (oo)) -> gen(«5f (oo)). 

(2) TTie se< Y(_5f 0i A)(C) /ias exactly one point in every connected component o/M_jf(C). 

Proof. (1) Since both sets have 2 1_ °' dfc )/ifc elements, it suffices to show that the map is 
injective. For any hermitian Ofc-modules Lq,L' £ gen(_£fo(oo)) there are fractional ideals b 
and b' such that b = Lq and b' = L' , where the hermitian forms on b and b' are defined by 
— xy. If Lo © A = L' © A, then taking top exterior powers (in the category of Ofc-modules) 
shows that Lo = L' as Ofc-modules. But this implies that b and b' lie in the same ideal 
class, and hence are isomorphic as hermitian Ofc-modules. Therefore Lq = L' as hermitian 
Ofc-modules. Claim (2) is an immediate consequence of (1). □ 

6.2. Automorphic Green functions for Kudla-Rapoport divisors. For every m £ 
Q/Z and every v | Ofe, define a A-invariant function tp m , z £ Ss? as the characteristic function 
of the subset 

{A g t-^z/jSf/ : Q(X) - m} C % l ^ f /^ f . 
Using jSe731 Chapter IV. 1.7], it is easy to check that (f m ^ ^ if and only if m £ N(t)~ 1 Z/Z. 
By Witt's theorem the finitely many nonzero <^ m r 's form a basis of S^. We call QZ \Sff/Jff 
isotropic if Oj^J^/Jzfp represents non-trivially for every prime p dividing d^. This condi- 
tion is equivalent to the existence of an isotropic element of order \dk\ in U^Jzfj/Jz?/. 

Lemma 6.2.1. For any m £ Q>o and any t | Ofc, there is an f m ^ £ H2- n {^s?) A with 
holomorphic part of the form 

k£®> 

for some c+ t (fc) £ Furthermore 

(1) if n > 2, then f„ liZ is unique; 

(2) if n = 2 and 0^" 1 Jz?//Jzf/ is not isotropic, then f m ^ is again unique; 

(3) if n = 2 and d^Jiff/Jff is isotropic, then any two such / m , r differ by a constant, 
and f m .t is uniquely determined if we impose the further condition that c+ t (0) £ S%> 
vanishes at the trivial cos et ofd^Sff/^j. That is to say, c+ t (0,0) = 0. 

Remark 6.2.2. When n = 2 and d^^ff/J^f is isotropic, we always choose /„ 
c+ !r (0,0) = 0. 
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Proof. The existence statement follows from |BF1 Proposition 3.11] . To prove the uniqueness 
statement when n > 2, we note that a harmonic Maass form / G Hk(oj^) with vanishing 
principal part is automatically holomorphic [BFt Proposition 3.5]. Since the weight is neg- 
ative, it vanishes identically. Now suppose that n = 2. Using the same argument as for 
n > 2, we see that any two f mx differ by an element of M (ui^) A , that is, by an element of 
Sjg which is invariant under the action of the group SL2(Z) x A. 

If T)7}jgf/J£f is not isotropic then it is easily seen that M (uj^) a = {0}. If HJ^JZf/JZf 
is isotropic then it follows from |Sch2[ Theorem 5.4] that the space of invariants M (ojj?) a 
has dimension 1. Moreover, the map from Mo(wy) A to C given by evaluation at the trivial 
coset of D^ 1 J??f / J??f defines an isomorphism. □ 

The proof of the following lemma is similar to the uniqueness part of Lemma 16.2.11 and 
is left to the reader. 

Lemma 6.2.3. Any f G i?2-n(^^f) A may be decomposed as a C-linear combination 

/(r) = const + ^ a m,x ■ f m A T ) 

mSQ >0 

where "const" is a constant form in M%- n {u)& ) A . This constant form is necessarily ; 
except when n = 2 and $7 Jiff /Jiff is isotropic. 

For any / as in Lemma \6. 2. 31 define a divisor on M_j? with complex coefficients 

(6.2.1) Z^(/)= <wM"*,t). 

m£Q> 
r|Dfe 

Remark 6.2.4. Although the decomposition of Lemma l6.2.3l is not unique, the divisor (|6.2.1[) 
does not depend on the choice of decomposition. This amounts to verifying that Z^? (m, r) = 
whenever f mtX = 0, which is clear: if f m x = then ip rn ^ = 0, which implies that 
m g N(r)- 1 Z. Thus Z&(m,v) = by RemarkEXB] 

We now construct a Green function for Z^(f). It suffices to do this on each connected 
component rWo,st)Y^(sio,8i) 01 (I6.1.2p . The assumption that 

L(2lo,2t) G gen(^(oo)) 

implies that L(2lo,2l) — -2/ as hermitian Ofc-modules. Exactly as with Jz?/, the Z-modulc 
D^" 1 L(2toi2l)/i(2loi2l) is equipped with a d^ 1 Z/Z-valued quadratic form whose automor- 
phism group we again denote by A, and there is an isomorphism of quadratic spaces 

(6.2.2) 5 fc ^(Slo, B)/L(Ho, 21) S ^J? f /J? f , 

which we now fix. This isomorphism identifies Sse with the space SWgi^gn of complex 
valued functions on the left hand side of (|6.2.2p . This identification depends on the choice 
of (|6.2.2I) . but the restriction 

(6-2-3) ^i(a ,a) — 

to A- invariants is independent of the choice. Using the isomorphism (|6.2.3p . we view 

/ G F 2 _„(^) A 

as a A-invariant Sz,(a a) -valued harmonic Maass form. The construction (|3.3.1I) defines 
a function $i(a ,a)(/) on r7ao,si) V(sto,si) with logarithmic singularities along the divisor 
Z ^f(/)(C). By repeating the above construction on every connected component of (|6.1.2p . 
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we obtain a Green function for the divisor Z_^(/) on M^p. In particular, if we take 

/ = im,t as in Lemrna l6.2.1[ we obtain a Green function $^f(/ m ,r) for the divisor Z_gf (m,r). 

Remark 6.2.5. Throughout this section we are assuming that Jz? is presented to us in the 
form Jz? = Jz?o © A, but this decomposition is needed only to define the CM cycle Y(^? 0i a). 
The construction of the divisor 2&(f) on My and its Green function $.sf(/) are valid for 
any incoherent self-dual hermitian (feu, Ofc)-module Jz? of signature (n,0). 

In the remaining subsections we compute the value of $ % (/) at the points of Y^ ^(C). 

6.3. Coherent and incoherent Eisenstein series. Let P C SL2(Z) be the subgroup 
of upper triangular matrices. For each tp G S^? , define an incoherent Eisenstein series of 
weight 1 

(6.3.1) Eje Q {T,s,<p)= Y, ^o(7)^(0) •(cr + d)- 1 -Im( 7 r)t. 

7 GP\ SL 2 (Z) 

Here 7 = (°^),T = w + jwGH, and s is a complex variable with Re(s) 3> 0. The Eisenstein 
series has meromorphic continuation to all s, and is holomorphic at s = 0. As (|6.3.1[) is 
linear in tp, it may be viewed as a function .E^ (r, s) taking values in the dual space S^ o . 
This particular Eisenstein series was studied in |Scho] and |BY1 Section 2]. Indeed, if we 
pick any L € gen(Jz? (oo)) then (|6.3.1|) is precisely the Eisenstein series denoted El (t, s, 1) 
in [BY], and depends only on the genus of Lq, not on L itself. 
By |BY[ Proposition 2.5], the completed Eisenstein series 

satisfies the functional equation E*^(t, — s, tp) — —E*^ q (t, s, tp), where 

A(Xfe,s) = \d k \iTT-^T(^-)L{ Xk ,s). 

In particular E^ (t, 0) = 0. The central derivative E'^ , (r, 0) at s = is a harmonic Maass 
form of weight 1 with representation iS^ , whose holomorphic part we denote by (as in |BY[ 
(2.26)]) 

(6.3.2) £se {r)= ]T o+ (m) ■ « m . 

meQ> 

Up to a change of notation, the following proposition is due to Schofer [Scho ; see also 
|BY1 Theorem 2.6]. Be warned that both references contain minor misstatements. The 
formula of part (4) is misstated in [Schoj . but the error is corrected in IB Yl . The formula 
of (2) is correct in [Scho] . but is misstated in [BYj . 

Proposition 6.3.1. Recall the finite set Diff £? (m) of odd cardinality from \5.3.J$ , and the 
function p of \1.5.1)) . The coefficients (m) £ S^ a are given by the following formulas. 

(1) lfm<0 then a%, (m) = 0. 

(2) The constant term is 

a+, o (Q,tp) = tp(0). (7 + log 

for every tp g S& . 

(3) If m > and |Diffsp Q (m)| > 1, then (m) = 0. 
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(4) If m > and Diff cg a (m) = {p} for a single prime p, then 

^ (rn,<p) = -^-p(j^)-oTd p (pm)-log(p) £ 2^V( M ). 

Q(fj.)=m 

On the right hand side, s()i) is the number of primes q \ d\~ such that \i q = 0, e is 
defined by (5.3.6)) . and — m is understood as an equality in Q/Z. 

Define a coherent Eisenstein series of weight —1 associated to _J?o(oo) by 

(6.3.3) Ex 6(oo) (T,8,tp)= J2 ^o(7)v(0) •(cr + d).Im( 7 T)t+ 1 . 

7 eP\SL 2 (Z) 

This is the Eisenstein series denoted El (t, s, —1) in |BY[ Section 2], for any choice of Lq £ 
gen(Jzfo(oo)). The following relationship between the coherent and incoherent Eisenstein 
series was first observed by Kudla |Ku31 (2.17)], and is a special case of [BY! Lemma 2.3]. 

Proposition 6.3.2. For any tp £ Sse Q the Eisenstein series (6.3.1)) and (6.3.1)) are related 
by the equality 

—2 • B(E'jf (r, 0, (p)dr) = Ec£ (^ (r, 0, tp) ■ v~ 2 du A dv 
of smooth 2-forms on H. 

Suppose L £ gen(Jz? (oo))- Exactly as in (|6.2.3p . there is an SL 2 (Z)-equivariant isomor- 
phism — S]g, which allows us to define a non-holomorphic theta series 6l ■ H — > 

(^ ) Aob °y 

9 Lo {t,< P ) = v ^(A)e 2 " <A ' A>f . 

AGD fc 1 L 

for any ip £ S^°. The following proposition follows from |BY[ Proposition 2.2]. 

Proposition 6.3.3 (Siegel-Weil formula). The coherent Eisenstein series (6.3.3)) is related 
to the above theta series by 

2°( d k) 



£ fe (r)=%( oo) (r ) 0). 



kk L n e g cn(jz? (oo)) 

6.4. CM values and the Rankin-Selberg L-function. For each <p £ S A define 

R A (m,<p) = Y ^( A )- 

AeOfc'A 
(\,\)=rn 

These representation numbers are the Fourier coefficients of a holomorphic .S^-valued mod- 
ular form 

A (r,cp) = RA(m,cp) ■ q m £ M„_xK)- 

mGQ 

Given any F £ S n (uJsf) with Fourier expansion 

F(t)= ]T Km)-q m , 

mSQ> 

define the Rankin-Selberg convolution L-function 

faAi\ riva \ f/ s _l i\ {Hw)^aM} 
I 6 - 4 - 1 ) L(F,6 A ,s) = T(-+n-l) > — ■ 

m£Q >0 V ; 
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On the right hand side the pairing is the tautological pairing between S<e and its dual. The 
inclusion fl^A/A — > i)^" 1 Jzf/ / 'J*?/ determines a canonical surjection — > S*a, and hence an 
injection on dual spaces. In particular, this allows us to view R\(m) as an element of S)^,. 
The usual unfolding method shows that 

(6.4.2) L(F,9 A ,s) = [ \~F(T),Ex {T,s)®6 A {T)}v n - 2 dudv, 

JSL 2 (Z)\H L ' 

where r = u + iv and E% {t, s) is the incoherent Eisenstein series of (|6 . 3. 1[) . On the right 
hand side we are using the canonical isomorphism S^, = S^, ® S\ to view E_%> (r, s) ® #a(t) 
as an S^-valued function. Of course L(F,9a,0) — 0, as the Eisenstein series vanishes at 
s = 0. 

Theorem 6.4.1. For every f £ H2- n (oJ^) A the CM value 

yeY ( ^ 0>A) (C) 



satisfies 

1 



^(Y ( ^ o , A) ,/) = -i'(e(/)^A,0)+CT [{/+,^ ®^a}]. 



deg c Y (J%A) 
Here the differential operator 

is defined by i2.2.3\) , and CT[{/ + ,£s? (8> #a}] is £/ie constant term of the q-expansion of 
\f -i'y. <>s\- 

Proof. This is really a special case of |BY1 Theorem 4.7], but beware that the statement 
of [loc. cit.] contains a sign error. We sketch the main ideas for the convenience of the 
reader. Recall from Section |6~T1 that the complex points of Y(^> 0) a) are indexed by triples 
(2lo, 2ti, 25). If we fix such a point y(2t ,aii,<B) G Y (^f A)(^) an d abbreviate L = L(2to,2li) 
and L — A© Lq, then the theta function ®l(t, z) appearing in (|3.3.1[) admits a factorization 

©i-Cr, 2/(2lo,ai,<B)) =0a(t) ®0 Lo (t) 

at z = y(a ,ai,as)- Hence 



$S?(y(2lo,2ti,<B),/) = / {f,0A(g>9 Lo }dfl(T). 
«/SL 2 (Z)\Br 

Summing over all points complex points of Y(_$f A) yields 

1 f rcg 

**^>n= £ iAut ( ^ ai> «)iy SLa(z)NH ^ flA ®^)> d ^ 



(2lo,Sli,!8 
£(5to,S(i)e.£b(oo) 
L(2l ,>8)aA 

r reg 



/'fc 



^|Aut(A)i Loegc ^ o(oo)) y SL2(ZAH 

deg c Y ( ^ 0jA ) 

2 JSL 2 (Z)\H 



/■reg 

V / {f,e K ®e Lo }dix{r) 

-•" (oo)) • / SL 2 (Z)\0 

{/(t), a (t) ® £^ o(co) (r, 0)} d/i(r) 
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by the Siegel-Weil formula (Proposition I6.3.3[) and Remark 16.1.41 Applying Proposition 
I6.3.2l and Stokes' theorem, a simple calculation, as in the proof of |BY[ Theorem 4.7], shows 
that 

1 

$J2>( Y (J%,A),/) 



deg c Y (J%iA) 



SL 2 (Z)\H 
reg 



d{f, 6 A ® E' Sq (t, 0) dr} - / {£(/), 9 A ® (r, 0)K d/x(r) 

SL 2 (Z)\H JSL 2 (Z)\H 

= CT[{/+(r),0 A (r)^ (r)}] - L'(f (/)> *A, 0), 
as claimed. □ 

Remark 6.4.2. Let (p r € Sj? be the characteristic function of 

By abuse of notation we denote again by tp t the similarly defined elements of 5* <g Q and 5a . 
If A is an element of S)^, S%> , or S A abbreviate A(x) = A(ip t ). For example 



R A (m, r) = R A {m, <p v ) = 1. 



Aet _1 A 

<A,A)=m 

The following is a restatement of Theorem 16 .4 . 1 1 in the case / = f m . v . 
Corollary 6.4.3. The harmonic form f m ^ of Lemma \6.2.1\ satisfies 

~ A 1 *^(Y (J% , A ),/m,r) = -£Wm,t),0A,O) + C+ )r (O,O) • a+, (0, t) • R A (0, t) 

m% ,™26Q>0 

7. METRIZED LINE BUNDLES AND DERIVATIVES OF L-FUNCTIONS 

Throughout Section [7] we fix, as in Section [6j a pair (Jz?o, A) consisting of 

• an incoherent self-dual (feg, Ofc)-module Jz?o of signature (1,0), 

• a self-dual hermitian O^-module A of signature (n — 1,0). 

As in Remark [5.2.3[ define an incoherent self-dual (Asr, C>fc)-module Jz? = Jifoffl A of signature 
(n,0). 

In this section we state and prove a preliminary form of our main result. This preliminary 
form, Theorem 17.3.11 below, is an intersection formula for the Kudla-Rapoport divisors 
(endowed with the automorphic Green functions constructed eariler) with the CM cycle 
Y(_j« a). The intersection takes place on the open Shimura variety M^f, and is expressed in 
the language of metrized line bundles. In Section [8] the result will be reformulated in terms 
of arithmetic Chow groups on the canonical toroidal compactification of M_j? . 
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7.1. Generalities on metrized line bundles. In this subsection, M is any equidimensional 
regular algebraic stack, flat and of finite type over Ok- A metrized line bundle L — (L, || • ||) 
on M consists of a line bundle L and a hermitian metric 1 1 • 1 1 on the complex points L(C) . The 
isomorphism classes of metrized line bundles form a group Pic(M) under tensor product. An 
arithmetic divisor D = (D, $) is a pair consisting of a divisor D on M and a Green function^ 
on M(C) for the complex fiber D(C). The arithmetic divisors form a group Div(M) under 
addition. If we start with an arithmetic divisor D, the constant function 1 on M defines a 
rational section s of the line bundle L = 0(D) associated to D, and there is a unique metric 
|| • || on L satisfying — log | |s| |^ = $(z). This establishes a surjection 

Div(Y) Pic(Y). 

Suppose that Y is smooth over Ok of relative dimension 0, and comes equipped with a 
finite and unramified morphism i : Y — >• M. As in [KRY2, Chapter 2.1] there is a linear 
functional 



deg : Pic(Y) 



defined by 



TOil0g(N(p)) v-^ log || a 



u s |Aut(«)| ^ I Aut(v)| 

for any rational section a of L with divisor div(er) = m^Di. The composition 

Pic(M) A pTc(Y) ^> R, 
called arithmetic intersection against Y, is denoted 

[ • : Y] : pTc(M) -> R. 
Keeping i : Y — > M as above, suppose that we are given a Cartesian diagram 

ZH Y s-Y 



in which Z is Cohen-Macaulay of dimension dim(M) — 1, and the morphism j is finite, 
unramified, and representable. In the notation of jVi| Section 3], Z determines a divisor 
j* [Z] on M. This can be made more explicit as follows. The hypotheses on j imply, as in 
[Vi[ Lemma 1.19] that any geometric point of M admits an etale neighborhood U — > M with 
the property that Z/y — > U restricts to a closed immersion of schemes on each connected 
component of Z/jj. In particular each connected component of Zm defines a divisor on U, 
and (j* [Z]) ju is their sum. When no confusion is possible we use the same letter Z to denote 
the stack, the associated divisor, and the associated line bundle. 

Suppose $ is a Green function for Z, and set Z = (Z, Assuming that ZflY has 
dimension 0, we have the explicit formula [Z : Y] = I(Z : Y) + $(Y) where the first term is 



'Throughout Section [7] all divisors have integer coefficients, and all Green functions are real- valued. 
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the finite intersection multiplicity 



J(Z : Y) = l°g(N(p)) 

pcdfe y e(znY)(F^ lE ) 

and the second term is 



lcngth 0znTB (0 Z nY,y) 
^ |Aut(y)| 



$(Y) 



I Aut(y)|' 



7.2. The cotautological bundle and the Chowla-Selberg formula. Let S be a scheme 
and 7r : A —> S an abelian scheme. As in Lan ( Section 2.1.6], define a coherent Os-module, 
the algebraic de Rham cohomology of A, as the hypercohomology H^ R (A) = W"k*(CI^/ S ) of 
the de Rham complex 

-> -> ^a/s ^a/s 
The algebraic de Rham homology Hf R (A) — Homo s (H^ R (A),Os) sits in an exact sequence 

-> Fil^A) -> Hf R (A) -> Lie(A) -> 0, 
and Fil (A) is canonically isomorphic to the Os-dual of Lie(A v ). 

Definition 7.2.1. Let (AQ lmv , A umv ) denote the universal object over M, and recall that 
^univ ig enc iowed with an O fe -stable M -submodule J univ C Lie(A univ ) such that the quotient 
Lie(A lmv )/.F umv is locally free of rank one. The cotautological bundle on M is the line bundle 

T = Hom c , H (Fil 1 (A™ iv ),Lie(A univ )/J- univ ). 

Denote by Tj? the restriction of T to Mj?. 



Recall from Section UTTl that each connected component of M^f(C) admits a uniformiza- 
tion 2?(a ,a) — > M ^f(C), where X>(a ,a) is the space of negative fen-lines in L(2l ,2l)- The 
hermitian symmetric domain £>(2i ,a) carries a tautological bundle £, whose fiber at a point 
z is the line z, made into a complex vector space using the fixed isomorphism fog. = C. The 
following proposition and remark explain the connection between C and the cotautological 
bundle. 

Proposition 7.2.2. At any point z € "D(a ,a) there is a canonical k^-linear isomorphism 

fz ■ Tj2f,2 z 

/rom t/ie /i&er z of (the pullback of) T_jf to negative line z. 

Proof. Identify k <E>q C = C x C in such a way that x <g> 1 i-> and define idempotents 

e = (1,0) and e = (0, 1). If X is any complex vector space with a commuting action of 
k, then k acts on eX through the fixed embedding k — > C, and acts on eX through the 
conjugate embedding. 

Let (A , € M^f(C) be the image of z under P(a Q ,si) ~ ^ M ^f (Q- The map 

2l oc = i?f R (Aa) A eH* R (A ) £* Fil 1 (4,) 
restricts to a feu-linear isomorphism 21or — Fil (Ao), while the quotient map 

Oc = -> Lie(i4.) 



^As both Z and Y are Cohen-Macaulay, the finite intersection multiplicity agrees with the more natural 
Seme intersection multiplicity defined as in ISAB K p. 11] or Ho3 Section 3.1]. This follows from |Se00l 
p. 111]. 
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restricts to a fc^-linear isomorphism 21r = Lie(A z ). Thus we obtain isomorphisms 
L(ao,Sl) R = Hom fcR (2l 0R ,2l R ) £* Hom^FilVo), Lie(A) 2 ), 

and tracing through the constructions of Section l6Tl shows that their composition identifies 
z 1 - with Homfc R (Fil 1 (Ao), J- z ). The surjection 

L(2t ,2l) K -> Hom fcH (Fil 1 (A ),Lie(A 2 )/J- z ) 

therefore has kernel z 1 -, and identifies z = Homj CE (Fil 1 ( J 4o) I Lie(A z )/J r 2 ) as desired. □ 

Remark 7.2.3. Proposition 17.2.21 does noi say that the pullback of Ts? to IW ,gn is iso- 
morphic to the tautological bundle C. The point is that the signature conditions imposed 
on Lie(Ag niv ) and Lie(A univ )/J runiv imply that the action of fc R on the hber at z of 
is through the complex conjugate of the fixed isomorphism fc R = C. Thus the isomor- 
phism f z of Proposition l7.2.2l is complex-conjugate-linear. It is more natural to consider the 
complex-linear isomorphism 

# :T^, z -Hom c (z,C) 

defined by f z (s) = (-,/ 2 (s)), which identifies the pullback of Tjf with the dual of the 
tautological bundle. 

We use Proposition 17.2.21 to metrize the cotautological bundle Teg: the norm of a section 
s is defined to be 

(7-2.1) \\s\\ 2 z = -i^-{f z (s),f z (s)), 

where 7 = — r'(l) is Euler's constant. The cotautological bundle endowed with the above 
metric is denoted 

Tjsf € Pic(Mjf). 

The remainder of this subsection is devoted to studying the image of \s£ under the arithmetic 
intersection 

[ ' : Y (j%1 a)] : Pic(M^) -> R 
of Section 17.11 In particular, we will explain how the Chowla-Selberg formula implies the 
following theorem. 

Theorem 7.2.4. For any ip € Sj& , the metrized cotautological bundle satisfies 

tp(0) • : Y ( ^ D)A) ] = -deg c Y (J% , A) ■ a% o (0,<p), 

where aj^ o (0) £ S)^ is defined by H6. 3.2\) , and deg c Y(_j? A ) is defined in Remark \6.1.4\ 

In particular, taking ip to be the characteristic function of x~ 1 J£qj / Jz?o./ , as in Remark 
\6.4-S\ shows that 

[T^ A(m ' r) : Y (j5f0iA) ] = - deg c Y (J% , A) • o+,(0,t) • R A (m,t) 

for all m € Q>o and 1 1 ffc. 

The proof requires some preparation. First we state the Chowla-Selberg formula in a form 
suited to our purposes. Suppose E is an elliptic curve over C with complex multiplication 
by Ofc. Fix a model of E over a finite extension K/Q contained in C and large enough that 
E has everywhere good reduction, and let n : 8 — > Spec(0^-) be the Neron model of E over 
Ok- Let w be a nonzero rational section of the line bundle ^*^£/q k on Spec(O^) with 
divisor 

div(w) = ^m(q) ■ q, 
q 
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where the sum is over the closed points q G Spec(O^). The Fallings height of E is defined 

as 



W^) = fi^felog(N(q))-m(q)-i ]T log 



£ T (C) 



q 

It is independent of the choice of K, the model of E over K, and the section to. The 
Chowla-Selberg formula [Co] implies that 

(7.2.2) - 2h Falt (E) = log(27r) + \ log \d h \ + ^. (Xfc '° ) . 

2 MXfc>°) 

Recall that Y(_s« 0)A ) carries over it a universal triple of abelian schemes (.Ag mv , A" mv , B nmv ). 
Define a line bundle 

coLie(A ,niv ) =TtM\ m ,v /Y 

V U A / Y (^ ,A) 

on Y(^f 0i A), where it : y4.Q mv — > Y(s? A) ^ s the structure morphism. A vector u G coLie(AQ™ v ) 
in the fiber at a complex point y € Y(_£> , A )(C) is a global holomorphic 1-form on Aq™ v (C), 
and we denote by 

ccTie(Ao niv ) G PTc(Y ( ^ 0iA) ) 
the line bundle coLie(AQ mv ) endowed with the metric 



(7.2.3) IML 2 = 



With this definition, 

2h Falt (A ) 



(7.2.4) deg coLie(Ag niv ) = ^ 



„ Aut(^o,Ai,B)|' 

Of course Lie(Ao mv ) is isomorphic to the dual of coLie(v4.Q mv ). Denote by 
(7-2.5) LTc(A univ ) G Pic(Y ( ^ A) ) 

the line bundle Lie(A lmv ) with the metric dual to (|7.2.3j) . More explicitly, if we endow 
2l = Hi(A%£ v (C), Z) with its hermitian form h% as in Section Ej] then Lie(A™ iv ) = 2l 0R 
as real vector spaces, and \\v\\i = \dk\~ih<& {v, v) for any v G Lie(Ao^ v ). 

Lemma 7.2.5. The metrized line bundle Lie(j4.Q mv ) satisfies 

' teg Lie(^ niv ) = log(27r) + ± log \d k | + L ' { U " " ' 



deg c Y ( ^ 0!A) v u ' 2 L( Xfe ,0) 

Of course we may define Lie(A" nlv ) in the same manner as {7.2.5% and the stated equality 
holds with A% niv replaced by A^ niv . 

Proof. Combine (|7.2.4[) and the Chowla-Selberg formula (|7.2.2|) . □ 
For any positive c € R, define the twisted trivial bundle 

1(c) G pTc(Y ( ^ 0!A) ) 

as the structure sheaf 0^ (se A) endowed with the metric \ \f\\y = c ■ \f(y)\ 2 - It is clear from 
the definitions that 

(7-2.6) dig 1(c) = - log(c) • deg c Y ( ^ , A) . 
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Lemma 7.2.6. There is an isomorphism 

TsHy ( ^ . a) = Ue(A™ v ) ® Lie(A" niv ) ® 1 (lforV) 
of metrized line bundles on Yr^ 0t \\, 

Proof. Recall that M_sf carries a universal pair of abelian schemes (Aq™ , A unlv ), and that 
A nn[v comes with a universal C M ^-submodule J" univ c Lie(.4 univ ). By definition of the 
morphism Yr£? 0t A) ~ * Ms?, the universal objects over M_^? and Y(_£> 0) a) are related^ by 

/ /tuniv /iuniv , \ ^ / a univ /tuniv ouniv\ 

[ A 1 A )/Y(Jf .A) = (A) .^1 X ^ )> 

and the isomorphism 

Lie(^ niv )| W) - Lie(^r iv * S univ ) 
identifies J runiv |y ( _ Sf A) = Lie(£? umv ). In particular there is a canonical isomorphism 

T^|v ( ^ , A) = Hom(Fil 1 (A univ ),Lie(Ar v )). 
For any elliptic curve Aq — > Spec(i?) over a ring, the short exact sequence 
-> Fil^Ao) -> ffi dfl (^4o) -> Lie(Ao) -> 

of i?-modules is dual to 

-> #VoX /fl) Hl R {A ) -> ^(Ao^Ao) -> 0, 

and there is a canonical identification iJ 1 (Ao, Oa ) — Lie(^4.Q ). In particular there is canon- 
ical perfect pairing Lie(Ag) ®r Fil 1 (A ) — > Os, and identifying Lie(A ) = Lie(AQ ) via the 
unique principal polarization, we obtain a perfect pairing 

(7.2.7) Lie(A ) (g> R Fil 1 ^) -> 

Applying this with Ao = Aq" iv yields the second isomorphism in 

T^|y ( ^ , A) = HomCFil 1 ^),^^)) = Ue(A^)®Ue(Ar v ). 

All that remains is to keep track of the metrics under this isomorphism. This is routine, 
once one knows an explicit formula for the pairing (|7.2.7I) when Aq <E M( 10 )(C) is the complex 
elliptic curve with homology 2to = Hi (Aq (C) , Z) , as in the discussion surrounding (|5.1.4I) . 
Taking e and e as in the proof of Proposition 17.2.21 the compositions 

2l 0K ->■ 2l oc = Hf R (A ) A e/f 1 rffl (A ) = Lie(A ) 

and 

2l 0R -► 2l 0C S i^Vo) A aff?"^) = Fil^Ao) 
are fcR-linear isomorphisms. Thus the pairing (|7.2.7|) corresponds to a pairing 

21or x 2l 0R -> C, 

which is hcrmitian with respect to the action of fcjR = C. Using the proof of [Ho 11 Proposition 
4.4], one can show that this pairing is 2ir\dk\~ 1 / 2 ■ h% . The rest of the proof is elementary 
linear algebra, and is left to the reader. □ 



^There is a mild abuse of notation: we are using AJj nlv to denote both the universal elliptic curve over 
M^f , and the universal elliptic curve over Y(.sf 0j A)- 
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Proof of Theorem \1.2.Jf\ Combining Lemmas 17.2.51 and 17.2.61 with (|7.2.6[) shows that 
|Tjsf : Y(j ah)A )] = dei ^(A^) + teg Lie(A" niv ) + d^g 1 (l67r 3 e ^) 

and comparing with Proposition 16.3.11 completes the proof. □ 

7.3. The main result, preliminary form. Let / € Hn-n(w&) be a A-invariant harmonic 
Maass form. The divisor Z&(f) on of (|6.2.ip . with its Green function $.$?(/) of Section 
determines an arithmetic divisor 



(7.3.1) Zj.(/) e Div(M^), 

and we denote in the same way the corresponding metrized line bundle. Throughout the 
rest of Section [7] we fix m € Q>o and r | Ofe, and take / = / mjt to be the harmonic form of 
Lemma r6.2.1[ with holomorphic part 

/+ t (r)= M -"+ £ c+ r (fc).q fc . 

fc£Q> 

The underlying divisor of (|7.3.1|) is then simply the Kudla-Rapoport divisor Z&(m,t). 

Theorem 7.3.1. Keeping the notation of Section \6.4\ the harmonic form f m>t satisfies 

|Z.Sf (/«,*) : Y (^b,A)] +C+ c (0,0) ■ [Tap : Y (J%>A) ] = -deg c Y ( ^ 0iA) • L'(£(/ m ,»),0A,O). 

The proof of the theorem will occupy the rest of Section although we have enough 
information to prove a special case right now. Fix mi,m 2 € Q>o- In Section 15.31 we 
defined an Ofe-stack X(_sf 0i a) ("ii, m2, r) equipped with a finite, unramified, and representable 
morphism 

X(^ ,A)(TOi,m 2 ,t) -> Y(jf 0)A ). 
If TOx > 0, then X(_2 , 0) A)(»Tii,m2,r) has dimension zero, and defines a divisor on Y(^> a), 
necessarily supported in nonzero characteristic. By endowing this divisor with the trivial 
Green function, we obtain an arithmetic divisor 

(7-3.2) X(^ 0)A )(m, 1 ,m2,r) G Div(Y (jSfb)A )). 

Proposition 7.3.2. Suppose m = mi + m 2 with mi € Q>o m2 € Q>o- T7*e arithmetic 
divisor \7.3.2^ satisfies 

deg X(^ 0! A)(mi,m2,r) = -deg c Y ( ^ 0! A) ■ a% Q (mi,x) ■ R A (m 2 ,v). 
Proof. This follows by comparing Theorem 15.3.21 with Proposition 16.3. it Abbreviate 

X = X (J%,A)( m l' m 2> r )- 

If |Diff j? (mi)| > 1 then both sides of the desired equality are 0, so assume Diff _s? (mi) = {p} 
for a prime p, necessarily nonsplit in fe, and let p be the prime of k above p. Theorem l5.3.2l 
implies 

deix ( ^ ,A ) (m 1) m 2l t)=log(N(p)) £ ^f^f 

ftfclog(p) , / n D , s ( miN{sy 
ordp(pmi) • R A (m 2 ,t) ■ - 1 



w h \ Aut(A)| 
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where s is the prime-to-p part of r, and e is defined by (15.3. 6p . On the other hand, Proposition 
16.3. f I tells us that 

+ , s WfclogO) (mi\d k \\ ^ () 
a%, o (mi,t) = — ordp(pmi) -p I — I ^ 2 s ^'<fi t (p), 

Q(fj,)=m 1 

where ip t is the characteristic function of r _1 ^fo,//-^o,/ C O ^ 1 Jfo,/ /-%,/• 

The proposition follows from the above equalities and Remark 16. 1.41 once we prove 

p fmAp\\ ^ rw^to = 2° (dfc V 

Meo fc 1 ^ ,//^o,/ P 

Q(fi)=m 1 

Both sides factor as a product of local terms, and the equality of local terms for primes not 
dividing d k is obvious. It therefore suffices to prove, for every prime £ \ d k , the relation 

(7.3.3) Pt{m x \d k \) ^ 2 s ^ip x ,n{p) = 2p e ( mi N(s)), 

^eB^^o.t/^o.t 



where pt(k) is the number of ideals in O k .e of norm fcZ 

se(p) = 



1 if p = 
otherwise, 



and if t ^e is the characteristic function of r 1 ^o,e/ J?o,e C f fc 1 -2o^/-^o^- 

Case 1: If ord£(mi) > 0, then only the term p — contributes to the left hand side of 
(|7.3.3[) . both sides of the equality are equal to 2, and we are done. 

Case 2: If ord^rni) < —1, then pe(mi\dk\) — pf(miN(s)) = 0, and we are done. 

Case 3: If ordf(mi) = —1 and £ j N(r), then /^(miN(s)) = 0. On the left hand side of 
(|7.3.3p . the assumption ordf(mi) = — 1 implies that any p appearing in the sum 
must be nonzero, and hence <p Vi i(p) = 0. Thus in this case both sides of (|7.3.3p 
vanish. 

Case 4: If ordf(mi) = —1 and £ | N(s), then pe(mi\dk\) = pf(miN(s)) = 1. On the other 
hand, as £ Diff^? n (mi), the rank one fe p -hermitian space 'Vqj represents mi. It 
follows from the self-duality of J?o,e that 5^ j?o t e represents mi, and from this it is 
easy to see that the rank one Ofe/p-quadratic space 0^ 1 .Sfo^/Jz?o^ has two distinct 
nonzero solutions to Q(p) — mi. Thus 



ST 2 SiM = 2 

neo^^o^/^o.e 
Q(/i)=mi 

and again f|T.3.3[) holds. 
Case 5: If ord^ (mi) = —1 and I — p, then pf(miN(s)) = 0. On the left hand side of (|7.3.3|) . 
the sum over p is empty: any p g 3^ _Sf ,j,/-£o,p representing m 1 e Q p /Z p could be 
lifted to p e d^ 1 ^^ representing mi g Q p , contradicting p g Diffsf (mi). Thus 
both sides of (|7.3.3[) vanish. 

This exhausts all cases, and completes the proof. □ 
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We can now prove Theorem 17.3.11 under the simplifying hypothesis i? A (m,t) = 0. Recall 
from Remark 15.3.91 that under this hypothesis 

Zjsf(m,r) n Y(jsf 0iA ) = |J X (i?0>A) (mi,m 2 ,t), 

"ii6Q>o 
m 2 GQ> 
milm2-m 

and each stack appearing on the right has dimension zero. Proposition [73]2] shows that 
I(Zsg(m,t) : Y (j5fQiA) ) = — — deg X ( ^. 0)A) (mi,m 2 ,t) 



deg c Y ( ^ ,A) ••" ' ' deg c Y ( ^ , A) 

m 2 eQ>o 
mi+m2- m 



m 2 eQ>o 
mi+m2-ra 

while Corollary 16.4.31 shows that 

7 ^(Y^.A),/™.,) = -£'(£(/«,«), *A,0) +c+ t (0,0) • <(0,r) • fl A (0,t) 

+ a^ (mi,r) • i? A (m 2 ,t). 

™ 2 eQ>o 

milm2-m 

Adding these together gives 
1 



degr Y, 



C M^b.A) 



[Z^(/ m>r ) : Y ( ^ 0)A) ] = c+ >r (0,0) • a+ n (0,r) • R A (0,x) - L' (£(/m,r)> $Aj 0), 



and an application of Theorem 17.2.41 completes the proof. Proving Theorem l7.3.1l in general 
requires treating improper intersections, and requires a bit more work. 

7.4. The adjunction formula. The proof of Theorem 17.3.11 in full generality revolves 
around the study of a canonical section 

(7-4.1) a„er(z^( m ,r)| Hl) ) 

of the line bundle 

(7.4.2) Z%(m, t) = Z^(m, r) ® t®-*^*) 

restricted to Y(jf 0) A)- This subsection is devoted to the construction of (|7.4.1j) . and the 
calculation of its divisor, which the reader may find in Proposition 17.4. 51 below. 

Because of the minor nuisance that the natural maps Y — > M and Z(m, c) — > M are not 
closed immersions, the section (|7.4.1[) will be constructed by patching together sections on 
an etale open cover. Accordingly, we define a sufficiently small Stale open subscheme of 
to be a scheme U together with an etale morphism U M^? such that 

(1) on each connected component Z C Z_sf(m, t)m the natural map Z U is a closed 
immersion, 

(2) on each connected component Y C Y(_jf .a)/c/ the natural map Y — > U is a closed 
immersion, and the universal object (^4oj^i7-B) over Y satisfies L(A ,B) = A. 
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As in the discussion of Section 17. 1[ the stack M <g admits a finite cover by sufficiently small 
etale open subschemes. 

Fix a sufficiently small etale open subscheme U and connected components 

(7.4.3) ZcZ^(m,r) /[7 

Y c Y (J%iA)/[7 . 

The smoothness of Yrj^A) over Cfc, together with our hypotheses on U, imply that Y is 
a reduced and irreducible one-dimensional closed subscheme of U. The closed subscheme 
Z C U is perhaps neither reduced nor irreducible, but an easy deformation theory argument 
shows that the generic fiber of Z_jf(m,r) is smooth, and hence Z/ k is a smooth variety of 
dimension n — 1. The intersection Z <~)Y = Z X{j Y is a, closed subscheme of Y, and hence 
is either all of Y or is of dimension 0. 

Definition 7.4.1. Given connected components (|7.4.3|) . we say that 

(1) Z is Y -proper if Z fl Y has dimension 0, 

(2) Z is Y -improper if Z fl Y = Y . 

Proposition 7.4.2. The number of Y -improper components Z C Z^?(m, t)m is R\(m,v). 

Proof. Let rj G Y be the generic point, so that k(r[) is a finite extension of fc, and let fj — > f] 
be the geometric generic point above r\. Denote by (Aq }71 , Ai^, B<q) and (Ao^, Bff) the 
pullbacks to 77 and rj of the universal object over Y(_sf 0i A)- The fiber 

Z se (to, t% = Zs£ (to, x)/u x j/ ry 

is a disjoint union of copies of 77, one for every 

A € t _1 i(A ^, x Af) 

satisfying (A, A) = to. Under the decomposition [572 . 1 1 any such A takes the form A = Ai +A2, 
but we must have Ai = as there are no nonzero Cfe-linear maps Ao,rj ~> Aijj. Indeed, 
such a nonzero map would induce an O^-linear isomorphism of Lie algebras, which cannot 
exist as Aq^ satisfies the signature (1,0) condition, while Ai^ satisfies the signature (0, 1) 
condition. Thus all such A lie in 

and it follows that Z^f(m,r)^ is a disjoint union of R&(m, t) copies of rj. Moreover, our 
definition of a sufficiently small etale open guarantees that xT 1 L(Aq :TI , B n ) = r _1 A, and 
so all such / are already defined over 7/. In other words, Z_sf(m,r) ?? is a disjoint union of 
i?A(TO,t) copies of 77. It follows that there are R\(m, r) connected components of Z_s? (to, t) m 
whose image in U contains 77, and the claim follows easily. □ 

As in the proof of Proposition 15 . 1 .91 write Ok = Z[II] and define elements of Ok ®i Ojj 

by 

j = n<g>i-i<g)ii 
j = n<g>i-i<g)iL 

An elementary calculation shows that the sequence 

(7.4.4) ■ ■ ■ ^ O k ®zOu ^ O k ®zO v ^ O k ®zOu ^ ■ ■ ■ . 
is exact. 
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Lemma 7.4.3. Every geometric point y — > Y admits an affine Stale neighborhood Spec(i?) 
U over which the R-module IAc(A) is free, and admits a basis ej., . . . , e n such that 

(1) ei, . . . , e n -i is a basis for the universal sub sheaf J- C Lie(^4), 

(2) the operator J on Lie(A) has the form 



(7.4.5) 











o h 



j* 



G M n {R) 



for some j\, ...,j n eR satisfying (ji,. . .,j n ) = (j n ) = d k R, 

(3) there is unique Ok-linear endomorphism 

j : Lie(^4) Lie(A) 

such that J — 5k o j as endomorphisms o/Lie(^4), 

(4) the endomorphism j preserves the sub sheaf J- C lAe(A), and j induces an automor- 
phism of the quotient lAe(A)/ J- . 

Here A is the pullback to R of the universal object via U — > M — > Vl( n —i,i)- 

Proof. Certainly there is an affine etale neighborhood over which 

-> Fil 1 ^) -> H? R (A) -> Lie(A) -> 

is an exact sequence of free i?-modules. If e\...,e n is any basis of Hf R (A) such that 
t\ . . . , e n _i generates J 7 , then the matrix of J is (|7.4.5I) for some ji, ■ ■ ■ ,j n € R, simply 
because JT = 0. Futhermore, J acts on the quotient Lie(A)/J r through the complex 
conjugate of the structure map Ok —> R, and so j n = II — II. It is easy to check that 
(II - U)O k = Ofc, and so (j„) = d k R- 

To prove that . . . , j n ) = dkR, after possibly shrinking the etale neighborhood Spec(i?), 
it suffices to prove this equality after replacing R by the completion of the etale local ring at 
y. We then know from the proof of |Ho3[ Proposition 3.2.3] (as in the proof of Proposition 
15.1.91) . that the ideal (ji, . . . ,j n ) is principal. Everything we have said so far holds for any 
geometric point of U. Now we exploit the hypothesis that y is a geometric point of Y. Let 
I C R be the ideal defining the closed subscheme Y Xjj Spec(i?) C Spec(i?), and let A' 
be the reduction of A to R/I. By definition of the morphism Y — >• M of Section 15.21 the 
abelian scheme A' comes with a decomposition A' = A\ x B, and the subsheaf T' C Lie(A') 
is T' = Lie(_B). In particular, T' admits the Ofc-stable, and hence J-stable, Oy-direct 
summand Lie(^o)- Thus there is some basis of Lie(A') with respect to which 



J = 









jn 



e M n {R/l). 



As the ideal of R/I generated by the entries of J is independent of the choice of basis, we 
see that 

(jl, ■■■Jn) = {jn) = (5k) 

in R/I. Now pick a generator 7 g R of the principal ideal (ji, . . . , j n ). We have shown that 
(5k) C (7), with equality after reducing modulo /. Furthermore, R/I is an integral domain 
of characteristic 0, as Y is reduced, irreducible, and flat over Ok- It follows that if we write 
5k = 1*7 with u £ R, then u is a unit in R/I, and hence is also a unit in the local ring R. 
This shows that (ji, . . . ,j n ) = (5k) in R. 
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All remaining claims of the lemma are obvious. The only thing to note is that M, hence 
also R, is flat over Ok, and so 8 k £ R is not a zero divisor. Thus the entries of the matrix 
J are uniquely divisible by 5k- □ 

Keeping Z and Y as in (|7.4.3[) . denote by Xz C Ou the ideal sheaf defining the closed 
subscheme Z U, and by O(Z) = X^ 1 the line bundle on U determined by the divisor 
Z. Let Xy C On be the ideal sheaf defining the closed subscheme Y U. The first order 
infinitesimal neighborhood of Y is the closed subscheme Y <^-> U defined by the ideal sheaf 
Xy C Oij. The picture is 




Y ^YHZ U >-Hse 




where YD Z = Y y, v Z. 

Let (Aq, A, A) be the pullback to Y of the universal object over Z_$? (m, r). Of course the 
pair (Aq, A) has a canonical extension (Aq, A) to Y, obtained by pulling back the universal 
pair over M via Y —>[/—» M, but there is no such canonical extension of A to Y. Indeed, YP\Z 
is the maximal closed subscheme of Y over which A extends to an element of t~ 1 L(Ao,A) 
satisfying the vanishing condition of (|5.1.2[) . Recall that, by virtue of the moduli problem 
defining M(„_ 11 ), the Oy-module Lie(^4) comes equipped with a corank one submodule J- . 
We will now construct a canonical O^-module map 

obst(X) : Fil^lo) ->■ Lie(i)/J", 

the obstruction to deforming A, whose zero locus isYHZ. The scheme U may be covered by 
open subschemes {Ui} with the property that on each f/j either N(t) £ Oy. or xO\j i — dkOi/i ■ 
In the construction of obst(X) we are free to assume that U itself satisfies one of these two 
properties. 

The construction of obst(X) is quite simple if N(t) £ Oy, so we treat this case first. 
Under this hypothesis, A determines an Ofc-linear map A : Hf R (Ao) —> Hf R (A) of Oy- 
modules, which, by the deformation theory of |Lan[ Proposition 2.1.6.4] extends canonically 
to an Ofc-linear map 

A : H? R (A ) -> Hf R (A) 
of Oy-modules. Define obst(X) as the composition 

(7.4.6) Fil^io) -> Hf R {A ) 4 Hf R {A) -> Uc(A)/f. 

Lemma 7.4.4. J/N(r) £ O^, the zero locus of obst(X) isYnZ. 
Proof. Using the notation of (|7.4.6|) . denote by obst*(X) the composition 

Fil^lo) ^ H? R (Ao) 4 H* R (A) ^ Lie(I), 
so that obst(X) is the composition 

Fil^Io) obsr{x \ Lie(I) -> Lie(A)/P. 



HEIGHTS OF KUDLA-RAPOPORT DIVISORS 



03 



By deformation theory, the zero locus of obst* (A) is the maximal closed subscheme of Y 
over which A extends to an element of r -1 L(^4o> A). For such an extension the vanishing of 
()5.1.2|) is automatic by Remark l5.1.7[ and so the zero locus of obst* (A) is Y n Z . Thus we 
are reduced proving that obst* (A) and obst(X) have the same zero locus. 
If dk £ the argument is simple, and exploits the splitting 

O k ® Z Oy^OyX Oy. 

The orthogonal idcmpotcnts on the right hand side induce a splitting N = eN © eN of any 
Ok ®i Oy-module N, in which eN is the maximal submodule on which Ok acts through the 
structure map Ok — > O y , and e N is the maximal submodule on which Ok acts through the 
complex conjugate. Kramer's signature condition on T implies that T — eLie(A), and so T 
admits a canonical rank one Y -modvle direct summand eLie(^4) on which Ok acts through 
the complex conjugate of the structure morphism. As Ok also acts on Fil^Ao) through the 
complex conjugate of the structure morphism, the image of the O^-linear map obst*(X) is 
contained in eLie(A) = Lie(A)/J r . Thus obst*(X) vanishes if and only if obst(X) vanishes, 
as desired. 

Returning to the general case, clearly the zero locus of obst(X) contains the zero locus 
of obst*(X). To prove the other inclusion, let V C Y be the vanishing locus of obst(X). We 
will prove that obst*(A)|y = 0. Fix a geometric point y £ V(F) of V and let R be the etale 
local ring of V at y. Denote by (Ao, A) the pullback of (Aq, A) through Spec(fi) —> V — >• Y, 
and similarly denote by 

A : H? R (A ) -> Hf R {A) 

the pullback of A : Hf R {A ) -> Hf R (A). Using Lemma [7A3l there is an .R-basis t\, . . . , e„ 
of Lie(A) such that e±, . . . , e n _i generates the corank one _R-submodule J- a C Lie(A), and 
J acts on Lie(A) as 

"o ••• o jT 

J= : ■-. : : € M n (R), 

.0 •■■ Jn _ 

where ji, . . . ,j n € R satisfy (j lt . .. , j n ) = (j n ). 

Fix an Ok €5z J?- module generator a £ Hf {Aq), and write 

A(cr) = Aiei H h A„e„ G Lie(A) 

with A; £ R. Consider obst* (X)\r, which is the composition 

Fil^Ao) Ht R (A ) A Ht R {A {) ) -+ Lie(A) 

and o6st(A)|jj, which is the composition of obst* (X)\r with the quotient map 

Lie(A) -> Lie(A)/J" A - 

In particular, the image of obst(X)\n is generated by 

A(Jct) = A„j„e„ € Lic(A)/J"A. 

On the other hand, we know from the definition of V that obst(X)\n = 0, and so X n j n — 
0. As in the proof of Proposition ECU Fil^Ao) = JH? R (A ). Therefore the image of 
obst* (X)\r is generated by 

X(Ja) = J ■ A(er) = A„(jiei H h j n e n ) £ Lic(A), 
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which also vanishes, as (ji, . . . ,j n ) — (j n ) and X n j n = 0. This shows that obst* (X)\r = 
for every etale local ring R of V, we deduce that obst* (X)\v =0. □ 

We now give the construction of obst(X) assuming vOjj = DkOjj- Lemma [7.4.31 implies 
that the 0y>-niodule Lie(A) has a canonical O^-linear endomorphism j satisfying J = 8k ° j- 
As the closed subscheme Y Y is defined by a square- zero ideal sheaf, the map 8kX : Ao — > 
A induces a map 

<5fcA : Hf R (A Q ) Hf R (A). 

Once again using 

Fil^io) = JH? R (A ), define obst(X) by 

(7.4.7) obst(X)(Js) = j ■ 6~k~X(s) G Lie(i)/J" 
for every s G Hf B (Ao). 

Remark 7.4.5. To see that (I7.4.7[) is well-defined, use the local freeness of Hf R (Aq) over 
Cfc<8)zCy and the exactness of (|7.4.4|l . If Jsi = Js 2 then s\ — s 2 € JHf R (A ). The signature 
condition on J- implies that J annihilates Lie(A)/J r , and therefore SkX(si) = SkX(s2) in 
Ue{A)/T. 

Remark 7.4.6. If 5fc G O^, so that N(r) G and rOy = QkOu, then the constructions 
(|7.4.6P and (|7.4.7[) agree. 

Lemma 7.4.7. If ' zOjj = dkOu, the zero locus of obst (X) isYDZ. 

Proof. Recall that Y f] Z is the maximal closed subscheme of Y over which A extends to an 
element of r _1 L{Aq, A) satisfying the vanishing of (|5.1.2I) . By deformation theory, this is 
the same as the maximal closed subscheme over which the compositions 

Fil x (io) -> H? R (A) ^\ Hi R {A) -> Lie(I) 

and 

Hf R (A ) ^ H? R (A ) -> Lie(i) -> Lie(l)// 

vanish. Using J.F = and Fil (Aq) — JHf R (A ), one easily checks that the vanishing 
of the second composition implies the vanishing of the first. Using the invertibility of j on 
Lie(A)/T, the vanishing of the second composition is equivalent to the vanishing of obst(X), 
completing the proof of the lemma. □ 

The following result is reminiscent of the classical adjunction isomorphism as in |Liul 
Lemma 9.1.36], however our result is particular to the moduli space M. Indeed, it is a 
statement about the cotautological bundle T, which we have defined using the moduli inter- 
pretation of M. 

Theorem 7.4.8 (Adjunction). Assuming that Z is Y -improper, there is a canonical iso- 
morphism 

(7.4.8) 0(Z)\ y =tMy 
of line bundles on Y . 

Proof. View the obstruction 

obst(X) : Fil^Io) Ue(A)/f 

as a section 

obst(X) € r(T^|^) 
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with zero locus Y H Z. Under the inclusion Ojj C O(Z) of ©[/-modules, the constant 
function 1 on [/ defines a section s 6 T(0(Z)) with zero locus Z. Hence the restriction 
s\y € T{0{Z)\y) also has zero locus Y O Z. 

After passing to a Zariski open cover of U, we are free to assume that U = Spec(i?) is 
affinc, and that the line bundles O(Z) and Tjy \u are trivial. Fix isomorphisms of R- modules 
T(0(Z)) = R and r(T^f|[/) = R, and let / C R be the ideal defining the closed subscheme 
Y C U. Note that R/I is an integral domain of characteristic 0. Let f,g £ R/I 2 be the 
elements corresponding to the sections obst(X) and s\ Y . As these sections have the same 
zero locus, (/) = (<?) and we may write / = vg and g = uf for some u,v € R/I 2 . In 
particular g ■ (1 — uv) = 0. 

Suppose we have some x £ R/I 2 satisfying gx = 0. The claim is that x £ I /I 2 . Suppose 
not. The element g £ R/I 2 comes with a lift to R, defined by s, and we fix any lift of x to R, 
necessarily with x I. In particular a; is a unit in the localization Ri. Therefore g G I 2 Rj 
and the natural surjection Ri — ¥ Rj / (g) induces an isomorphism on tangent spaces. This is 
a contradiction, as we know from the smoothness of the generic fibers of U and Z that the 
completed local rings of Ri and Ri/(g) are power series rings (over some finite extension of 
fe) in n — 1 and n — 2 variables, respectively. 

If we apply the above to x = 1 — uv we see that 1 = uv in R/I. Therefore the map 

r(T^) £* R/I 2 A R/I 2 - T(0(Z)\y), 

which takes obst(X) i— >• s\ Y , becomes an isomorphism after tensoring with R/I = Oy . 
Although g = uf does not determine u uniquely, any other such u has the same image in 
R/I. In view of the discussion above, the desired isomorphism (|7.4.8[) may be defined as 
follows: there is some homomorphism 

satisfying obst(X) s\ y . Such a homomorphism is not unique, but any two have the same 
restriction to Y , and this restriction is an isomorphism. □ 

At last we construct the promised section (|7.4.ip . Fix one connected component Y C 
Y(_Sf ,A)/[/: and regard Z^p(m,t) as a line bundle on M^f. Its pullback to a line bundle on U 
satisfies 

Zx{m,t)\u = §§0(Z), 
z 

where the tensor product is over all connected components Z C Z_s« (m, r) m. Combining 
the adjunction isomorphism (|7.4.8|) with Proposition 17.4.21 yields an isomorphism 

T*A (m ' r) | y = (g) 0{z)Wj 

1^-improper Z 

and hence an isomorphism 

Zjz{m,K)\ Y =1% A(m ' z) \ Y ® (g) 0(Z)\ Y , 

Y- proper Z 

which we rewrite as 

(7.4.9) Z^(m,r)| y ^ (g) 0(Z)\ Y . 

y~propcr Z 
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Each line bundle O(Z) D Ou has a canonical section s 6 T(0(Z)), corresponding to the 
constant function 1 in Ojj, satisfying 

divO|y) = div(s) n Y = Z n Y 
as divisors on Y. Therefore (|7.4.9[) determines a section 

(T m ,x\Y € r(Z^(m,r)|y) 
corresponding to the section <E>s |y on the right hand side of (|7.4.9I) . and this section satisfies 
(7.4.10) div(<r m , c | r ) = J2 ( ZnY )- 

Y-propcr Z 

Note that each s\y appearing in the tensor product is nonvanishing at the generic point of 
Y, precisely because the tensor product is over only the y-proper Z's. In particular cr m r |^ 
is nonzero. 

By repeating the above construction on each connected component Y of Yf& 0> M/u we 
obtain a section of the pullback of Z^,(m, c) to Y(5? 0i a)/u- As U varies over a cover of M_jf by 
sufficiently small etale opens, these sections (being truly canonical) agree on the overlaps, 
and the desired section (17.4.11) is defined by patching them together. 

Proposition 7.4.9. As divisors on Y^m? we have 

div(er„ i!r ) = %^(mi,m 2 ,r). 

ni26Q>o 
mi+m2— m 

Proof. As in the construction of <T m>t , fix a sufficiently small etale open subscheme U —> 
M^f and a connected component Y C ^{^ 0} a_)/u- It follows from (|5.3.2[) that there is an 
isomorphism of y-schemes 

|_|(Znr)~ |J X(ja bt A)(mi,m 2 ,t) / y 

Z mi,m2EQ>o 
mi+m.2— m 

where the disjoint union on the left is over all connected components ZcZ ^{m, x) m. Each 
side of this isomorphism has a well-defined 0-dimensional part: the disjoint union of all its 
0-dimensional connected components. Taking the 0-dimensional parts, using Theorem l5.3.2l 
and Proposition 15.3.81 for the right hand side, and then viewing the 0-dimension parts as 
divisors on Y, we find 

( Zny )= X ( ^ 0iA) (m 1 ,m 2 ,c) /y . 

^-proper Z ^iS=Q>o 
m2eQ>o 
mi+m2-m 

Combining this with (|7.4. 10|) shows that 

div(<7 m , c )/r = ^2 x (J%,A)("ii,m 2 ,r)/ Y , 

m 1 GQ > o 
mi+m2-m 

and the claim follows immediately. □ 
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7.5. Adjunction in the complex fiber. Fix one point y £ Y(_5? a)(C). We will give 
a purely analytic construction of the fiber of cr m ,x at V using the complex uniformization 
(|6.f ,2p . Recall from Section IBTT1 that to the point y there is associated a triple (2lo>2li)Q3) 
of hermitian 0;,-modules such that £(2lo, *B) = A and 

L(2to,2ti) £ gen(J2? (oo)). 
Set 21 = 2li © «B so that L(2l ,2T) G gen(jSf(oo)) and 

L(2t 0) 2t)^i(2t ,2ti)©A. 
Recall that the connected component of Mjjf (C) containing y admits an orbifold presentation 

r\p^M^(C) 

in which V is the space of negative lines in L(2lo, 21)r, and that under this presentation the 
point y corresponds to the negative line 

L(2to,2ti) K cL(ao,2l)ffi. 

Denote by Z(m, r) the pullback to V of the divisor Zjj? (m, r). By (|6.1.4|) the corresponding 
line bundle is 

(7.5.1) Z(m,r)= (g) 0(A). 

Aer- 1 L(a ,2l) 
(A,A)=m 

On the right hand side 0(A) is the line bundle on T> defined by the divisor T>{\) of negative 
lines orthogonal to A. We must explain the meaning of the infinite tensor product on the 
right. Denote by s(A) the constant function 1 on V, viewed as a section of 0(A). For 
any open set U C V with compact closure there are only finitely many A € t _1 L(2io,2t) 
satisfying (A, A) = m for which T>{\) D U ^ 0. For A not in this finite set the section s(A) is 
nonvanishing on U, and defines a trivialization of 0(A). Thus, after restricting to any such 
U all but finitely many of the factors of (|7.5.1|) are trivialized, and the meaning of (|7.5.1[) is 
clear. The line bundle (17.5.11) has a canonical section 

S m ,r = (g) s(A) 
Aer^ 1 L(a ,a) 

<A,A)=m 

corresponding to the constant function 1 in 0-p C Z(m,x). 

Let T denote the pullback of the cotautological bundle T_jf to T>. The irreducible com- 
ponents of the divisor Z(m, c) passing through y are indexed by the set 

(7.5.2) {A e t^A : (A, A) = m} c i(2t , 21). 

Recall from Remark 17.2.31 that at every point zeD there is a canonical isomorphism 

T z = Hom c (z, C), 

which was called but which we now suppress from the notation. For each z £ T> and 
each A in (17.5.21) . denote by A z the orthogonal projection of A to z. There is a unique 
holomorphic section obst an (X) £ T(T>,T) whose fiber at every point z satisfies 

Of course the zero locus of obst an (A) is the divisor 2?(A), and hence there is a unique 
isomorphism of line bundles 0(A) = T satisfying s(A) h-> o6st an (A). This isomorphism is 
the analytic analogue of the adjunction isomorphism of Theorem 17.4.81 
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Define a holomorphic section 



obsC, = 6?) obst an (X) 



(A,A)=m 



of 

Aet^A 
(A,A)=m 

The pullback of ([TX2"j) to V is 

(7.5.3) Z*(m,x)2iZ(m,x)®T 9 - RA ( m ' t \ 
which has the holomorphic section s m ^ <g) (obstf" t ) _1 . 

Lemma 7.5.1. The fiber at y of s m)t (8> (obsi™,.)^ 1 agrees with the fiber at y of the section 

& m,r- 

Proof. The main thing to explain is the relation between the analytically constructed section 
obst an (X) and the algebraically constructed section obst(X) of the previous subsection. We 
will express both constructions in terms of parallel transport with respect to the Gauss- 
Manin connection. Let R = Ox>, y be the completion of the ring of germs of holomorphic 
functions at y. Equivalently, R is the completed etale local ring of M_^/c at y, a power 
series ring over C in n — 1 variables. Let (Aq,A) g M^»(C) be the pair represented by the 
point y, and let (Aq,A) be the universal deformation of (Aq,A) over R. If m C R is the 
maximal ideal, set R = R/m 2 . Thus Spec(i?) is the first order infinitesimal neighborhood 
of y. Denote by (Ao, A) the reduction of (Aq, A) to R. Let 

T = Hom jR (Fil 1 (A ),Lic(A)/^ A ) 

be the pullback to R of the cotautological bundle, and let T be its reduction to R. 

Each A in the set (17.5.21) determines a C-linear map A : H? R (A ) -> Hf R (A), which, 
using the Gauss-Manin connection, has a canonical deformation 

A : Hf R (A ) -> Hf R (A) 

defined by parallel transport. See Lan] and |Vo] for the Gauss-Manin connection, and 
|BeOg| for the algebraic theory of parallel transport. The composition 

Fil^Ao) -> H* R (A ) A Hf R (A) -> Ue(A)/F A , 

viewed as an element of T, is precisely the pullback of o6st an (A) to T. On the other hand, 
the reduction of A to R is precisely the map 

A : H? R (A ) -> Hf R (A) 

appearing in (|7.4.6[) . Thus the reduction map T —> T sends obst an (A) ^ obst(X). With 
this in mind, the rest of the proof follows by tracing through the definitions of the two 
sections in question. □ 

Define a mctrized line bundle on M_$f by 

(7.5.4) z£(/m,t) = Z^(/ m , t ) ® T®- flA(m ' c) . 
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Proposition 7.5.2. For any point y € Y^ 0j ^(C), the section cr m ^ constructed in Section 
\7.4\ satisfies 

-log||er m:t || 2 = §<z(y,f m>T ) 
with respect to the metric on Z%(fm,t)\y determined by J7.5.^[ ). 

Proof. The metrized line bundle (|7.5.4[) pulls back to a metrized line bundle on T>, whose 
underlying line bundle is (|7.5.3|) . It is easy to compute the norm of the section s m ^ ® 
(obstf™ r ) _1 with respect to this metric. For any z € T> not contained in the support of 
Z(m,t), the section s m>r satisfies 

by definition of the metric on Z&>(f m ,t), while 

Iog||olwC,tll»= E log\\obst™(\)\\l= (log|(A„A z >|+log(47r)+ 7 ), 

AGr _1 A Aetr _1 A 
(A,A)— rn (A, A)— m 

by definition (17.2.11) of the metric on 1<£ . It follows that 

-log||ff m , t ||* = lim ( - log||s m , t ||| + log||o6a*^ t ||^) 



lim ($j?(z,f m , t )+ (log|(A z ,A z )|+log(4^)+ 7 ; 



Aet _1 A 
(A,A)=m 

By Corollarv l3.3.21 this is the value at y of the (discontinuous) function §&{z, f m ,t)- O 
7.6. Completion of the proof. Again we consider the metrized line bundle 

z^(/ m)t ) = z^(/ m>t )®f|r iiA ^ 

onHy. Its restriction to Y(_£> m has a canonical nonzero section (17.4.11) . which, as in Section 
17.11 determines an arithmetic divisor 

div(er m , r ) = (div(<T r „ !r ), - log ||<x m:t .|| 2 ) e Div(Y (J%)A) ) 

satisfying 

[2^(/ m , r ) : Y& ,a] = deg div(er m , r ). 

Of course this relation holds for any nonzero section of the restriction of Z^,(/ m)t ) to Yi& 0i a\. 
The advantage of the section <r m r of (|7.4.1[) is that its construction is sufficiently explicit 
to allow for the calculation of its arithmetic degree. Indeed, Proposition 17.4.91 implies that 
the arithmetic divisor 

divfin(<r mit ) = (div(er m , r ),0) 

satisfies 

(7.6.1) deg divan (o-m,t) = E deg X (J%!A) (mi,m 2 ,r). 

m 1 eQ >0 

TO2£Q>0 

mi+m2= m 

On the other hand, it is immediate from Proposition 17.5.21 that the arithmetic divisor 

<Hvoa(<r m ,t) = (0, -log||er m , t || 2 ) 

satisfies 

(7.6.2) deg div 00 (<r m , t ) = $sf( Y (.5?o,A), / m>r ). 



70 



JAN H. BRUINIER, BENJAMIN HOWARD, AND TONGHAI YANG 



At last we have all the necessary ingredients to prove Theorem 17.3.11 

Proof of Theorem \7.3.1\ Combining (|7.6.1I) with Proposition 1 7 . 3 . 2l shows that 

deg div fin (er mit ) = -deg c Y (J% A) ^ a% o (mi,t) ■ R A (m 2 ,x). 

mieQ>o 

m2SQ> 

7711+7712— 777 

The mi = term absent from the right hand side instead appears in the equality 

^ A (m,r) . Y( ^ (A)] = _ dcgcY(J%iA) . a + o (0,r) ■ Je A (m,t) 
of Theorem l7.2.4l and combining all of this with (|7.6.2p gives the final equality in 

[Zs?(/ m ,t) : Y^^a)] = [f^* m ' r : Y^a)] + [Z^.(/ m , t ) : Y (JfoiA )] 

= [T®f A ( m > r ) : Y(j5f 0iA )] + deg div fin (cr m , r ) + deg div oc (cr m ^) 

= *^f(Y(^f ,A),/m,r) -deg c Y ( ^ 0iA ) 51 a^uii , z) ■ R A (m 2 , t) . 

7ni,7n 2 GQ>o 

7771+7772—771 

Corollarv l6. 4.31 shows that 

-7—^ *JT(Y(^ ,A),/m,t) = -i'(e(/m,O^A,0) + C+ ,(0,0) ■ a+,(0,t) • iZ A (0,t) 

mi, 7712 eQ>o 

7711+7712—777 

and hence 

tJ |Zjf(/m,*) : Y(^ .a)] = -L'(£(/ m , r ),0 A ,O) +c+ t (0,0) • 0^(0, t) • i? A (0,t). 

Another application of Theorem 17.2.41 then shows that 

[Z^(/ ro , r ) : Y (j5f0iA) ] =-deg c Y ( ^ b ,A)-i / (C(/m > r),^A,0) -c+, r (0,0)- fr* : Y (JZb)A) ], 
and completes the proof. □ 

8. Arithmetic cycles classes and derivatives of L-functions 

Throughout Section[8]we fix a pair (Jzf , A) as in Sections [6] and [3 and set Jz? = «2o© A as 
in Remark r5.2.3l Let A be the automorphism group of the finite quadratic space D jT X J£$ l-^f, 
and fix a A-invariant harmonic Maass form / £ H2- n (u>&) with holomorphic part 

(8.0.3) /+(r)= X! c+(m)-q m . 

ttiGQ 

777>0 

The goal of Section [8] is to reformulate Theorem 17.3.11 in terms of the arithmetic Chow 
group of the canonical toroidal compactification of Mj? , and to explain the connection with 
arithmetic theta lifts in the sense of Kudla. 
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8.1. Compactification and the arithmetic Chow group. The moduli space ^ n -i.i) 
defined in Section lO! admits a canonical toroidal compactification M? n _ 1 l y Over Ok[l/dk] 
the construction is found in [Lanj ; the extension to Ok is contained in |Ho3] . The Ofe-stack 

m* = m (1)0) x n* (n _ 1A) 

is regular, proper and flat over Ok of relative dimension n — 1, and smooth over 0fe[l/dfe]. 
It contains M as a dense open substack, and the boundary M* \ M, when endowed with its 
reduced substack structure, is proper and smooth over Ok of relative dimension n — 2. 
Exactly as in (15.1. 7\i , there is a decomposition 

m* = |_K 

in which M*jj» is, by definition, the Zariski closure of M^f in M*. 

Let CH R (M^) be the arithmetic Chow group with real coefficients and log- log growth 
along the boundary in the sense of Burgos-Kramer-Kuhn [BKK, BBK . For concreteness, 
we use the definition of [Ho3l Section 3.1] (which is slightly different from [BKK, BBK]; see 
Ho3j Remark 3.1.4]). The canonical map Y(_$? ,a) — > M^?, induces a linear functional 

CH R (M^) -> M, 

the arithmetic degree along Y(_%> 0y \) , defined in [Ho31 Section 3.1] and denoted Z i— ¥ [Z, Y(_se 0y A)]- 
Extend this functional C-linearly to 

CHc(M^) = CHi(M^)® R C. 

Let B^f = M^j, \ Mjjf be the boundary of . We will now define a divisor B%> (/) on , 
supported on B_j?. As the boundary is smooth, it suffices to assign a multiplicity to each 
connected component of the generic fiber B%>/k- Start with a component C of the geometric 
fiber B_5«y fc aig. This component lies on some connected component of M^y fcalg , which, as in 
Section loTTl corresponds to a pair (2lo,2l) with L(2l ,2l) € gen(Jz?(oo)). As in Section |H 
the component C then corresponds to the rVg^ gn -orbit of an isotropic fc-line I C £(2to, 21)q. 
Let a = In L(2lo,2l). By Lemma [4.3.11 there is a decomposition 

L(2l ,2l) =£(C)ea©b 

in which b is an isotropic Ofc-submodule of rank one, and E(C) is orthogonal to a® b. Under 
any such decomposition, E(C) is a self-dual hermitian O^-module of signature (n — 2,0). 
The multiplicity of C with respect to f is defined, in accordance with (|4.3.3I) and Remark 
14.3.41 as follows. If n > 2 then 

(8.1.1) mult c (/)= E ^ E E c+(-m,A + i/), 

(A,A)=m 

where c + (— to) is viewed as a function on 

7j fc 1 S(C)/S(C) 8 5 fe Va C Ofe^CSto, 2l)/L(2l , 21) S D^^f/^f- 
If n = 2 then -E(C) = 0, and in view of the second formula of Remark |4 . 3 . 41 we instead define 

(8.1.2) multc(J) = -2 E E c + (-m,v)ai(m). 



72 



JAN H. BRUINIER, BENJAMIN HOWARD, AND TONGHAI YANG 



Exactly as in Ho3 ( Section 3.7], the isomorphism class of the hermitian module E(C) is 
constant on the Gal(fc alg /fc)-orbit of C, and so summing over all geometric components C 
yields a divisor 

B^(/)=^mult c (/)-C 
c 

on M^y fc . Denote in the same way the divisor on obtained by taking the Zariski closure. 

Let (/) be the Zariski closure in of the Kudla-Rapoport divisor (/), and define 
the total Kudla-Rapoport divisor 

Z^ al (/) = Z^(/)+B^(/). 

The analysis, carried out in Section EOl of the Green function $js?(/) near the boundary 
shows that the pair 

Z^ tal (/) = (Z^ tal (/),<i>^(/)) 

defines a class in CH C (M^»). 

The universal abelian scheme A nnlv — > M( n _ 1:L ) extends to a semi-abelian scheme A* — > 
M? n _ 1 1 \, and the universal subsheaf J 71111 ^ c Lie(A umv ) extends canonically to a subsheaf 
T* cLie(A*) by [Ho3l Theorem 2.5.2]. The cotautological bundle T of Section [7T21 therefore 
extends to a line bundle 

T* = Hom(Fil 1 (^ niv ),Lie(A*)/J : -*) 

on M*, and the restriction of T* to M^, is denoted T^. Fix a rational section s of T^> , and 
recall the metric (|7.2.1[) on T_jf . It follows from the proof of Theorem 14.3.31 (see especially 
step 2) that 

Olv( S ) = (div( S ),-log||s|| 2 ) 
is an arithmetic divisor on in the sense of |Ho31 Section 3.1], and defines a class 

T% e CHi(M^), 

which does not depend on the choice of s. 

8.2. The main result, first form. Theorem 17.3.11 relates the central derivative of a 
Rankin-Selberg L- function to the arithmetic intersection against Y^ ^) of a certain metrized 
line bundle on the open Shimura variety M_$? . We now reformulate this result in terms of 
the arithmetic Chow group of the compactified Shimura variety M^. 

Definition 8.2.1. The arithmetic theta lift of f is the class 

§*(/) = Z^ tal (/) + c+(0, 0) • e CHc(M^). 
Theorem 8.2.2. The arithmetic theta lift satisfies 

■ Y (^o,A)] = - deg c Y (jSfo , A) • £'(£(/), 9 A , 0), 

where 

the complex- conjugate-linear homomorphism of h2.2.3\) . 
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Proof. If / = / m , t then this is immediate from Theorem 17.3.11 If / = c + (0) is a constant 
function (this can only happen when n = 2) then Z_$?(/) = and Theorems l6.4.1l and l7.2.4l 
imply 

: Y (J?0 ,A)] - $JSf(Y(:%,A)./) + c+(0,0) • [Tjsp : Y (J%>A) ] 
= -deg c Y ( ^ O!A) -L'(e(/)^A,0) 

+ deg c Y (J%)A) • {c+(0), fjash <8> ^a} + c+(0, 0) • [T^ : Y (JSfoiA) ] 
= -deg c Y ( ^ , A) •!/(£(/), A ,O). 
The general case now follows from Lemma T6. 2.31 □ 

8.3. A modularity conjecture. In this subsection we assume either that n > 2, or that 
n = 2 and D^ 1 jSf//jSf is not isotropic in the sense of Section loT2l In the case we are 
excluding, in which n — 2 and _Sf//_Sf is isotropic, recall that there was some ambiguity 
in the definition of removed by fiat in Remark 16 .2. 2 [ and an unwanted constant term 
in the decomposition of Lemma 16.2.31 

Conjecture 8.3.1. //£(/) = thenQ^(f) = 0. 

Of course the conjecture implies that the arithmetic theta lift 

6^ :i/ 2 _„(^) A ^CHc(M^) 

factors through £ to define a complex-conjugate-linear homomorphism (denoted the same 
way) 

Qsr ■ S n (Zjj?) A CHc(M^). 
We now give an alternate interpretation of the arithmetic theta lift, in the spirit of Kudla 
|Ku4] . For any positive m £ Q and any divisor t | Ofe, define the ioiai arithmetic Kudla- 
Rapoport divisor 

Z^ tal (m,t) = Z^ tal (/ m , r ) G CH X (M^). 
Extend the definition to m = by setting 

Z^ tal (0,r) =T^. 

Next, define a function 

Z^ tal (m) :5^->CHc(M^) 
by the following rule: given any A-invariant ip £ Ssc, decompose 

fcGQ/Z 
r|0 fc 

as a linear combination of the functions (pk tX £ Ssg of Section [6.21 and define 

3$*(m,<p) =^a m , r -Z^ tal (m,r). 

Extend the definition to arbitrary tp £ S^e by first projecting to the subspace of A-invariants. 
If we view these functions as elements 
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then the equality 

(8.3.1) Qj?(f) = E { C + (-m),Z^ tal (m)} G CH^) 

m>0 

is trivially verified when / = f mv , and so holds for all / by Lemma [6.2.31 
Conjecture 8.3.2. The formal generating series 

(8.3.2) 9^(r)= Z% ta \™)-q m , 

mSQ> 

valued in S)^ ®c CH C (M^,), is a modular form of weight n and representation oSjg. More 
precisely, h8.3.2}) is the q-expansion of a function 

Oj? £ M n (w y x) ® c CHc(M^). 

Note that (|8.3. 1|) is simply the constant term of the formal g-expansion {/ + , 6.S?}. 

Proposition 8.3.3. Conjectures \8.3^\ and [8.3.1\ are equivalent. If these conjectures are 
true, then for any F £ S n (uJjf) A the arithmetic theta lift Q_$?(F) is equal to the Petersson 
inner product 

(F,e^)= [ {F(r),e^(T)}v 2 - n dudv. 

JSh 2 (Z)\U 

Proof. A theorem of Borcherds t Bo2, Theorem 3.1] implies that Conjecture 18.3.21 is equiva- 
lent to the vanishing of (|8.3.1|) for every / € M2_„(w^f) A . By the exactness of ()2.2.4|) . this 
is equivalent to Conjecture 18.3.11 The final claim follows from |BF[ Proposition 3.5]. □ 

The following theorem provides some evidence for Conjecture 18.3.21 Similarly, the right 
hand side of Theorem obviously vanishes if £(/) = 0, providing evidence for Conjecture 

Theorem 8.3.4. The S)g> valued generating series 

$*(t) ■■ Y(^ , A) ] = E [Z^M ■ Y(* ,A)] ' I" 

mSQ> 

is a holomorphic modular form of weight n and representation ■ 

Proof. Using the modularity criterion of Borcherds |Bo2[ Theorem 3.1], it suffices to show 
that 

E { C + (-m),[Z^ al (m):Y ( ^ o , A) ]}^0 

mSQ> 

for every weakly harmonic form / € M2_ n (S with holomorphic part (|8.0.3[) . But this is 
clear: 

E KH™)' $T\rn) : Y (JS?0 , A) ]} = : Y*] 

meQ> 

by ()8.3.1|) . and the vanishing of the right hand side follows from Theorem 18. 2. 2 [ after noting 
that £(/) = by the exactness of $FZM . □ 

Remark 8.3.5. To obtain Theorem iBl of the introduction, evaluate the valued modular 
form of Theorem 18.3.41 at the characteristic function (fo g S% of to obtain a scalar valued 
modular form. 
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9. Scalar valued modular forms 

In this section, we reformulate our main result, Theorem 18. 2. 2[ in terms of scalar valued 
modular forms. The data (Jzfo, A) and Jz? = ® A remain fixed, as in earlier sections. 
Abbreviate D = \dk\, and recall our running assumption that D is odd. In particular, 
D = 3 (mod 4). 

9.1. Preliminaries. Recall that Xk is the idele class character associated to the quadratic 
field k. If we view Xk as a Dirichlet character modulo D, then any factorization D — Q1Q2 
induces a factorization 

Xk = XQ1XQ2 

where XQi '■ (^/Q«^) x — > C x is a quadratic Dirichlet character. For each positive divisor 



D, fix a matrix 



with a, /3, 7, S G Z, and define the Aktin-Lehner operator 

*° - (£ &) - * (° 

Fix a normalized cuspidal new eigenform 

9 = ^ fl HfeS„(r„(c), x 2). 

m 

For every divisor Q \ D, define another modular form gg(r) = ^2 a Q( rn )l m by the following 
conditions: 

a Q( m ) = XQ{m)a(m) if (m, Q) = 1, 

OqM = XD/Q( m ) a ( m ) if -D/Q) = J-i 
aQ(m 1 m 2 ) = aQ(m 1 )aQ(m 2 ) if (mi,m 2 ) = 1. 
According to [Asl Theorem 2], the relation 
(9-1.1) <?|«^Q = XQ{P)x n D , Q {a)e Q {g) ■ g Q 

holds for the fourth root of unity eqig) defined by 

tQ{g) = J{x n Q{Qlq)-\, 

q\Q 



where 



\ q = a(q) 



and S q is defined by 

(9.1.2) 6 q = 



-g 1 "? ifn=0 (mod 2), 
Sqq^ 1 ifn=l (mod 2), 

1 if q = 1 (mod 4), 
i if q = 3 (mod 4). 



Remark 9.1.1. If n is even, then the Fourier coefficients of 5 are totally real. It follows that 
gq = g, and g\nWQ — £q{,9)9 for every divisor Q | D. Furthermore, 

e Q(s) = -p 1_f a(p) = ±1- 
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Define a vector valued modular form g G S n {u>j?) by 

(9-1.3) g(r)= E (5l«7)W ■ w( 7 - 1 )vo, 

7 er (D)\SL 2 (z) 

where </?q G Sjzf is the characteristic function of € D^ 1 Jzff / Jzf* • The construction <? H> (f 
defines a surjection 

s n (r p),x£)^s n (u^) A 

by |Sch21 Corollary 5.5], but we will never need this fact. There is an adjoint construction 

from valued modular forms to scalar valued modular forms, defined by evaluation at 
<Po € S\. This map takes the vector valued theta series 8 a € M n _i(wX) to the scalar valued 
theta series 

m£Z> 

where R\ c (m) is the number of ways to represent m by A. 

Let GUa be the general unitary group associated with the hermitian lattice A. For any 
Z-algebra R its i?-valued points are given by 

GUa(-R) ={he GL 0fc (A<g) Z R) : (hx,hy) = v(h){x,y) for all x,y £ A<g> z R}, 

where v(h) £ R x denotes the similitude factor of h. Note the relation 

(9.1.4) N(det(/i)) = vihy 1 - 1 . 

For h £ GUa(R) the similitude factor v(h) belongs to R>o- Since A is positive definite, the 
Shimura variety 

A a = GU A (Q)\ GUa(Q) / GU a (Z) 
has dimension zero. The natural map ReSfc/QG m — > GUa to the center induces an action of 
the class group GL(fc) = fc x \fc x /<5* on A A : 

(9.1.5) CL(fc) x A A — > A A , ([a], [h]) i-> [ a h]. 

For any h £ GUa(Q) there exists a unique Vq(K) € Q>o such that v{h) 6 v (h)Z x . We 
define a self-dual hermitian O^-module of signature (n— 1,0) by endowing the 0^ -module 

A h = (A ® z Q) n hi 

with the hermitian form 

(x,y) h = iy {hy 1 (x,y). 

Note that if h € GU A (Z), then v {h) = 1 and A h = A. If ft, e GU A (Q), then Aft = A as 
hermitian modules. Hence, the assignment h t— > A^ defines a map from Aa to the set of 
isometry classes of self-dual hermitian O^-module of signature (n — 1,0). 

Similarly, for any h g GUa(Q) we define a self-dual incoherent (fcn, Ofe)-module of sig- 
nature (1,0) by endowing 

JSP 0) h = det(fc)jSf 

with the hermitian form 

(x,y) h = v Q {h) l - n {x,y). 
The assignment h n- _£?o,/i dehnes a map from Aa to the set of isometry classes of self-dual 
(fcjR, C>fc)-module of signature (1, 0). 

Lemma 9.1.2. For any h e GU A (Q) we have J2f ^ j£?o,ft © Aft. 
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Proof. Let p be a prime. Recall from Section llOl that a hermitian space over k p is determined 
by its dimension and invariant. The relations 

det(A h (g) Z Q p ) = voih) 1 - 11 det(A ® z Q p ), 
det(JSf ,/, ®z Q P ) = fo(/i) 1_ " • det(JSf ®z Q P ), 

combined with (|9.1.4I) . show that J§? ®z Q p and (-£?o,ft © A/j) ®z Qp have the same local 
invariant, and hence are isomorphic. A result of Jacobowitz Jac shows that every self- 
dual lattice in Jz? <S>z Qp is isomorphic to Jzf ®% 1 p as a hermitian 0fc jP -module, and so 
Jzf ®% 1 P = (Jz?o,/i ffi A/j) ®2 Zp. This implies the assertion. □ 

Let 77 be an algebraic automorphic form for GUa which is trivial at 00 and right GUa(Z)- 
invariant, i.e., a function 

ti : X A — > C. 

Throughout we assume that under the action (|9.1.5|) of CL(fc) on X\ the function 77 trans- 
forms with a character Xn ■ CL(fe) — > C x , that is, 

(9.1.6) »j(afc) = x„(a)tj(fc). 

We associate a theta function with r) by putting 

This form is cuspidal when the the character \n is non-trivial. We denote its Fourier 
expansion by 



9 vA T ) = E • 9' 



m>0 

Similarly, we may dchnc 

(9-1.7) ^)=E^b-^(^ 

but this is only a formal sum: as h varies the forms take values in the varying spaces 

si h . 

Lemma 19.1.21 allows us to make sense of the convolution L-function L(g, 9\ h , s) of Section 
and to define 



(9-1.8) L(g,9 7hA ,s)= | A ut(A fe )| ' L ^ k ,s). 

In the next subsection we will compare this to the convolution L-function 



s ™ a(m)Rt c A (m) 

(9.1.9) L(g, d° c A , s) = T - + n 1 £ \ ^ J 

m — 1 x y 

of the scalar valued forms <j and #^ A . 
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9.2. Rankin-Selberg L-functions for scalar and vector valued forms. In this sub- 
section we prove a precise relation between f|9. 1 .8[) and (|9 . 1 .9[) . First, we give an explicit 
formula for the Fourier coefficients of g in terms of those of g. 

Recall that "V is the hermitian space over A*, attached to Jzf. Let ip = J\ip p be the 
usual unramified additive character of Q\A, satisfying ipoo{ x ) = e(x). Recall that the Weil 
representation u> = Loy,^, of SL2(A) on the space of Schwartz-Bruhat functions S^) is 
determined by the formulas 

u;(n(b))(p(x) = ijj(b(x,x))<p(x) 
u)(m(a))ip{x) = xl(a)\a\ n+1 tp(ax) 

u)(w)ip(x) = 7(y) / ip(y)ip(-tv k/q (x,y))dy 



•v 



for all b £ A and a 6 A x , where 



I b\ , , a \ /0 -1 



dy is the self-dual Haar measure with respect to tp(tT k /q(x,y)), and t(T^) = Ilp<oo 7p(^) 
is a certain 8 th root of unity (the product of the local Weil indices). For any Q \ D, define 

p\Q 

Lemma 9.2.1. Every finite prime p satisfies 

™ J \inv p (y) ifp{£), 
where S p is defined by i9.1.2\) , and invp(^) is the local invariant of Y p defined in Section 

[Q 



Proof. Let ^J 3 be ^ with the Q p -quadratic form Q(x) — (x,x). This is slightly different 
from the space RYp of |Kulj . By [Kull Theorem 3.1] and [Kull Lemma 3.4], one has (in 
the notation of [loc. cit.]) that 

7 P (f) = Pr» = 7Q P (^ P ° = 7Q P (det^ >p)- 1 7Q P W)" 2n %(^ )" 1 - 

Here hq p (i / p °) is the Hasse invariant of f° and det f p ° = (det f p ) 2 D n is the determinant 
of "V p . A direct calculation gives 

V(^p°) = (A Ap^inv P (r). 
On the other hand, [Ral Appendix A. 5] implies that 

j Qp (D n , ^) 7Qp (V) 2 " = 7Qp (D, %T{D, D)f^ 1(lp (-1, V P )-" 
= 1(ip {-D,^ P Y{-D,-lY p {D,D)f^ 1 . 
Applying [Ral Proposition A. 11] and |Ral Proposition A. 9] shows that 

( n I \ i(p,D) p 6 p i£p\D, 
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Putting everything together and using Xk, P {x) = (— D, x) p yields the formula in the lemma. 
For example, when p\D, 

IpiV)- 1 = 7Q P P n > P )7Q P (V-) 2n %(^ ) 
= 5Zmv P Cr)(D,p)Z(-D,-l)Z 

= s;xl P (j>)inv p (y)(-D P ,-ir p 

as (-Dp, -l) p = (-D/p, -l) p = 1. □ 
Remark 9.2.2. If n is even and p \ D, the equality of Lemma l9.2.1l simplifies to 

" .j\ n/2 



ip{-n = {—) [m p w)- 

Remark 9.2.3. In the special case where D is prime, the root of unity 7d(^ / ) can be made 
even more explicit. Indeed, the self-duality of Jz? implies that inv p (7 / ) = 1 for all p ^ D, 
and so the incoherence condition on "V forces inv£>('^ / ) = — 1. Similar reasoning shows that 
Xk, P (p) = 1, and so 



For any Q \ D and fj, G V^Jff/^Cf, define 



(— 1)*2 +1 if n is even, 
i n if n is odd. 



Qi>. = n p 

p\D 

where fi p is the image of /i in d^ 1 ' -^f,p- Let tp^ G be the characteristic function of 

Proposition 9.2.4. Let g = ^ m a(m)q m and g be as in the previous subsection. Define 

a(m,/i)= Q^ r ^Q(9)l^y)a Q (mQ) 
Q»\Q\D 

and a(m) — a(m, G S 1 ^ . TTien g has the Fourier expansion 

g(r)= ^ m )l m - 

meQ>o 

Proof. The statement can be deduced from the definition (|9.1.3[) . using the decomposition 

SL 2 (Z) = [J [J T (D)R Q n(j) 

Q|£> jeZ/QZ 

and identity (|9.1.1|l . We refer the reader to [Sch.ll Theorem 6.5] for a more general result. □ 
Proposition 9.2.5. The convolution L-function l[6.4-lty satisfies 

L(g,d A ,s) = ^Qf^) 7Q (r)i( 3Q ,^, S ), 
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where q G fc x is such that q 2 0£ = QO£ • Moreover, for any r\ : Xjy — » C satisfying (|9.1.6[) 
the L -functions \9.1.8\) and \ 9.1.9]) are related by 

me^s) = ^Q5^) 7Q (y) Xi; ( q -i) L ( 5Q ,^ A , s ). 
Q\d 

Proof. Proposition 19.2.41 implies 



r(f + n-l) V ^ 4^ w w (47rm) 



.10 



Ql-D mez >0 / ^eOfe 1 A/A 



The first claim now follows from the relation 

E R\{m/Q, n) = -RA q _! (m, 0) = fl A , (m, 0). 

^eOfc^/A 
QmIQ 

For the second claim, if we replace A by and Jzfo by -S?o,/i f° r h € -Xa, then j£f and 7q(^ / ) 
remain unchanged. The above calculations therefore imply that 



L(5,^ A , S ) = E £ Q(5)7QWQ f E |Aut(A fe )| L(gq '^' a) 



_r ? (/ l ) 
I fi 

Ql-D 7ieX A 

= E^wg*E|l^^^^) 

Q|Z3 h£X A 1 V 

Q\D 

Here we have used (|9.1.6j) and the fact that | Aut(A/ t )| is equal to | Aut(A c ,; l )|. This proves 
the proposition. □ 

Corollary 9.2.6. If n is even, then 

L(g, e vA , s) = L(g, 0- A , s) • JJ (1 + X ,(p- 1 )6 p ( ff ) 7p (r)pf ). 

p\D 

Proof. This is immediate from Proposition 19.2.51 and Remark l9.1.1l □ 

9.3. The main result, second form. Now we are ready to state the main result in terms 
of scalar valued modular forms. For every h G X\, the isomorphism Jz? = Jz?o,/i © A^ of 
Lemma 19.1.21 allows us to define a codimension n — 1 cycle 

Y(J%, h ,A h ) ~^ M ^- 
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Recall that the degree deg c hjAh ) is given by the explicit formula in Remark [6. 1.4 1 Each 
algebraic automorphic form r\ : Xa — ^ C satisfying (|9.1.6[) now determines a cycle 

hex A 

on M^, with complex coefficients, and a corresponding linear functional CH C (M^,) — > C 
denoted 

Z i-> [Z : r?Y(^. 0)A )]. 

When the character is non-trivial, then rfi^ f^ (C) has degree zero. Under the as- 
sumption of Proposition 16.1.51 this cycle actually has degree zero on each component of 
M^(C). 

Starting with the form g 6 S n (T Q (D), Xu) of Section fSTTl pick any / mapping to g under 
the differential operator 

of 1(2X3)1 . and let 

G CHc(M^) 

be the arithmetic cycle class of Dcfmition l8.2.T1 Combining Theorem l8.2.2l with Proposition 
I9.2.5l and Coroilary |9.2.6[ we obtain the following theorem. 

Theorem 9.3.1. In the notation above, 

■■ Y (J%|A )] = -deg c Y ( ^ 0iA) • ^Q5^) 7 «W£'(j«,^,0), 

Ql-D 

where q G fc x is swc/i i/iat cpCfc — Q®k ■ Moreover, if n is even, and r\ : — > C satisfies 
: r?Y (J% ,A)] = _2 1 -°<^)4 ' i^M^s) ' II C 1 +X,(r 1 )e P (s)7 P (^ 

K p\D 

where p G fc x smc/i £/ia£ p 2 0^ = pC^ ■ Note that in the first formula the sum is over all 
positive divisors Q \ D, while in the second the product is over the prime divisors p \ D. In 
both formulas, the choice of Jz?o intervenes on the right hand side only through the factors 

9.4. The Rankin-Selberg convolution with an Eisenstein series. In this subsection, 
we assume throughout that D is prime and that g £ S n (To{D),Xh) * s a newform with 
Fourier expansion g = ^2 m a(m)q m . Then the twist g Xk = ^ Xfc(m)a(m)q m by the qua- 
dratic character Xk is a newform in S n (To(D 2 ), Xk)- 

We consider a special example of an algebraic automorphic form for GUa, namely the 
function rj given by 

ieg en(A) RUtWr 1 ^ h G GUA ^) UA ^) GUA ^)< 

otherwise. 



T)(h) 




Notice that it satisfies (|9.1.6|) with Xn — 1 (since D is prime, every ideal class of k can be 
represented by eta -1 ). We write 

Y gen( A)=^ , A = [ £ lAut^AOl) Y (^M)- 

\AiGgen(A) 1 V n / A!egen(A) 
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Consider the normalized genus thcta function 



n-i 

D 



E{t) = K(n) l^J L( X n k -\n - l)T(n - 1)0„, A , 

where n(n) = 1/2 or 1 depending on whether n = 2 or n > 2. Its associated scalar form 
E sc (t) € Af„_i(r (-D), Xfc -1 ) is a normalized Eisenstein series by the Siegel-Weil formula. 

In this subsection we relate the derivative L'(g,E,0) to derivatives (and values) of the 
usual Hecke L- functions of g and g Xk . The results will be expressed in terms of the completed 
L-functions 

A( Xfe , s) = Di-K-^T ( S -^\ L( Xk , s), 



H9,s)= l^-j r(s)L(g,s), 

Although the method is the same, we obtain slightly different results depending on 
whether n is even or odd. We first consider the case that n is even. The next proposi- 
tion follows from an explicit calculation using |KY] and |Ya| Section 3] . 

Proposition 9.4.1. Assume that n is even, and write 

oo 

E sc {t) = 6(0) + b{m)m n - 2 q m . 

Each b(m) has a factorization b(m) = brj(m)b D (m) in which 

b D (m) = 1 + (-D) 2 -^ X k,D(™)D {2 - n)ol ' dD(m \ 
and b D (m) = U p ^d b P (P° ldp ™) mth 

p(P } i-x k , P (p)P 2 - n 

for all p ^ D. 

Proposition 9.4.2. If n is even, then 

(-±)^D n - x A( X k,s + l)L&E,s) 
= (D~i - (-1)* e D {g)Di ) 

x 



.9, 1 + f )A(fl Xfe , 1 - S -) + (-l)%e D {g)A(g Xh ,l + S -)A{g, 1 - | 
In particular, when n = 2, one has 

DA( X k, S + l)L(g, E, s) = 2(D^ + e D (g)D*)A(g, 1 + ^)A(g Xh , 1 + |). 

Proof. Since n is even, the cusp form g has trivial nebentypus character, and we have the 
functional equations 

Hg, s) = i n e D (g)A(g, n- s), 
A (9x h > s ) = -*" A (.9x fc ,n-s). 
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Here the latter identity follows from the fact that 
(9-4.1) g Xh \W m = -g Xk , 



which can be proved similarly as [Mil Lemma 4.3.10] 
We abbreviate 



L = E 



a(m)b(m) 



(47T) 



',+n-l 



{l + {-l)9 +1 e D (g)Di) r(f+n-l) 



L(g,E,s). 



Here the second equality follows from Corollary 19.2.61 and the relation a(m) = a{m) noted 
in Remark 19.1.11 Proposition 19.4.11 implies 

L _ x ^ a{m)b D (rn) y> a{D) k b D (mD k ) 



(m,D) = l 



k=0 



1 



T E 



a(m)b D (m) 



1 — a(D)D 2 A ' — ' ma 

v ; (m,U)=l 



+ 1 



1 - a{D)D 



-(f+n-l) 



E 

(m,U) = l 



Xk,D{m)a{m)b D (m) 



TO2 



+i 



1 



— n vi) + r 



n L p(*>°)> 



P 



fc(f+i) 



1 



where for an idele class character \ of Q we denote 

X P {p) k a(p k )b P {p k 

fc=0 

Write 

Lp(5 ' S) = (1^ «(p)p-)(l - P{p)p~ s ) ' 
where a(p) and /3(j>) are the roots of X 2 — a(p)X +p n ~ 1 . Proposition 19.4.11 now implies 

T , , _ l p(9x4 + 1 ) L p(g Xfc .f +n-l) 

h P\X) — J— f — TT • 

Lp(Xk,s + l) 

Putting everything together, and using L[>(g Xh ,s) — 1 and Lc(g,s) = 1 _ a ^^ D -s , gives 

Ljg, f + l)L(g Xh , f + n - 1) + (-D)^L(g Xh , | + l)L(g, f + n-l) 

i(Xfe,s + l) 

Using the functional equations for A(g, s) and A(g Xfc , s), we obtain 

(-l)^2"- 2 J D"- 1 A( Xfc , a + l)L(g, E, s) 
= {D~i -(-l)%e D (g)Di) 

{-l)^A(g, | + l)A( 5xfc , £ + n - 1) + K{g Xh , | + l)A( ff , | + n - 1) 

(IT* - (-l)t £D ( ff )£)i) 

A( 5l 1 + |)A( 5xfe , 1 - ~) + (-l)f e B ( 5 )A( 5xfc , 1 + |)A(«7, 1 - £)' 



L = 
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as claimed. □ 
Corollary 9.4.3. Assume that n is even, and put 

Cin) = (-l)t 2 ^ lF (f) 

(1) Ifn>2 and (~l)%e D (g) = I, then 

[6jsf(/) : Y gon(A) ] = -C(n)deg c Y gcn(A) • log(£>) ■ A(g, l)A(g Xh ,l). 

(2) Ifn > 2 and (-l)9e D (g) = -1, t/ien 

[©*(/) : Y g c„(A)] = 2C(n) deg c Y gcn(A) • — [A(<?, s + l)A(g Xfc , 1 - a)] |.= . 

(3) Ifn = 2, then 

_ x jlog(D)-A(g,l)A(g Xh ,l) if e D (g) = -I, 



[&S?(f) ■■ Y gc „(A)] = 2T 



-2A'( ff ,l)A( 3xfc ,l) i/e D ( ff )=l. 



7Vo£e £/ia£ £/ie case n — 2 is special, as s = 1 is £/ie center of the functional equation of 
L(g,s). 

Proof. It is clear from Theorem 18.2.21 and the definitions that 

: Y gC n(A)] = 9r • 4 ■ MJ^^AOffc, 1)2/ (&25.0). 

If £D(g) = (— 1)^, then Proposition 19.4.21 implies 

(-^^jy-^Otfc, 1)2/ (s, 2?,0) = - log(D) • A(g, l)A(g Xkl 1). 
If instead eo{g) = (— then 

(-^D^Afo, l)L'(.g, £, 0) = 2^ [Afo, a + l)A( 5xfc , 1 - S )] | s=0 . 
All parts of the claim follow from this, together with the class number formula 

C(2) hj _ 1 
k(2) u£ 



□ 



Now we turn to the case where n is odd. 
Proposition 9.4.4. Assume that n is odd. The function b{m) defined by 

oo 

E sc {t) = 6(0) + (1 - {-D) 1 ^-)- 1 J2 b{m)m n - 2 q m 



is multiplicative, and satisfies 
b(p k 



ifp^D, 



(-d)^ [-i + (i + (-D)^ y-^r ] ifp = D. 

The following results can be proved analogously to Proposition !!). 4. 21 and Corollarv l9.4.3l 
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Proposition 9.4.5. If n is odd, then 

2 n - 2 D^A( Xk ,s + 1)(1 - (-D)^)L(g, E, s 
= (D* - i n e D {g)D-i) 
x 



D-iK{g, 1 - S -)A(g, „-!-£) + i n e D (g)Di A(g, 1 + S -)A(g, n - 1 + *-) 



2' ^' 2 
Corollary 9.4.6. Suppose n is odd, and set 

h k TT n ~ 



C{n) = 



Wk D 

(1) Ifi n e D (g) = l, then 

■■ Y 

(2) Ifi n e D (g) = -l, then 



!r(n-l)C(n-l) (l-(-D)^y 
gen(A)] = C(n) log(D) • A( 5 , 1)A( 5 , n - 1). 
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